DEFORMATION THEORY 
FROM THE POINT OF VIEW OF FIBERED CATEGORIES 

MATTIA TALPO AND ANGELO VISTOLI 

Abstract. We give an exposition of the formal aspects of deformation theory 
in the language of fibered categories, instead of the more traditional one of 
functors. The main concepts are that of tangent space to a deformation prob- 
^ lem, obstruction theory, versal and universal formal deformations. We include 

proofs of two key results: a version of Schlessinger's Theorem in this context, 
and the Ran-Kawamata vanishing theorem for obstructions. We accompany 
T— H this with a detailed analysis of three important cases: smooth varieties, local 

complete intersection subschemes and coherent sheaves. 
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1. Introduction 

The purpose of this article is to give an exposition of the formal aspects of 
deformation theory, from the point of view of fibered categories. 

Deformation theory is the infinitesimal part of the study of families of algebraic 
or geometric objects. If we have some family of, say, algebraic varieties X ^ S 
(i.e. a proper and flat finitely presented morphism) and sq is a point of S, denote 
by Sn the scheme Spec(C's_s(,/m"+^) over S. Information about pullbacks X„ of X 
to Sn for all n can tell us a lot about the family X (for example, it can be shown 
that the subschemes X„, with the natural embeddings Xn C Xn+i, determine the 
geometric fibers in some Zariski neighborhood of sq in S). 

More generally, we can state the basic question of deformation theory as follows. 
Suppose that we are given a local artinian ring A, and a geometric or algebraic 
object ^0 of some kind over its residue field k (for example, a scheme, a scheme 
with a sheaf, an algebra, . . . ), what are the possible liftings (or extensions) of to 
A7 By a lifting we mean an object of the same kind ^ defined over flat over A, 
together with an isomorphism of the restriction of ^ to Specfc C Spec A with ^o- If 
^ and r] are liftings of an isomorphism of liftings will be an isomorphism ^ ~ 
inducing the identity on ^q- 

An archetypical theorem in deformation theory takes the following form. There 
are three vector spaces U, V and W on k, with the following property. If A' is a 
local artinian ring with residue held fc, / is an ideal of A' such that mA'I — (i.e., 
/ is a fc-vector space), and ^ is a lifting of to A A' /I, then 

(i) there is an element lu oi I W, such that a; = if and only if the object ^ 
can be lifted to A'; 

(ii) if w = 0, then the set of isomorphism classes of liftings has a natural structure 
of a principal homogeneous space under the additive group / (8)fe and 

(iii) if ^' is a lifting of ^ to A' , the group of automorphisms of inducing the 
identity on ^ is I (E)k U . 



DEFORMATION THEORY FROM THE POINT OF VIEW OF FIBERED CATEGORIES 3 



Then one can draw conclusions on the set of possible lifting of to a local 
artinian algebra B, by applying induction on n in the situation where A' — B/m^^ 
and A = B/mg. Thus, for example, if V = (a situation that very rarely happens 
in practice), we can conclude that any two liftings of to B are isomorphic. 

In all the examples we know, U, V and W are cohomology groups of the 
same type, with increasing indices; for example, if Xq is a smooth variety over 
k and its tangent bundle, then U = E.°{Xo,Txo), V = Hi(Xo,TxJ and 
W = -RHXo,Tx„). 

Another type of result is the existence of versal deformations (a.k.a. hulls); the 
main result in this direction is due to Schlessinger. Suppose that A is a noetherian 
complete local ring with residue field k, and is an object over k; we want to 
study liftings of to local artinian A-algebras. In many elementary treatments 
one assumes A = k; however, the more general situation is not essentially harder, 
and it is useful in many contexts. 

Here are two typical situation where it is necessary to consider a ring A different 
from k. Suppose we have a family of varieties X ^ S over a base scheme S over k, 
and a rational point sq G S{k). Let Yq be a closed subscheme of the fiber Xq over 
So- Can we deform Yq inside the neighboring fibers? The first step would be to set 
up a deformation theory problem over the ring Os,so ■ 

Or, suppose that we have a variety Xq over a field k of positive characteristic, 
and we would like to lift Xq to a field of characteristic 0. In this case, obviously 
considering fc-algebras will not work. The right thing to do is to take a complete 
local discrete valuation ring A with residue field k and with quotient field of char- 
acteristic (for example, the ring of Witt vectors in k, if k is perfect), and try to 
lift Xq to a variety over A. For this we need to study the deformation theory of Xq 
over A. 

Schlessinger's Theorem states that under mild hypotheses there is a noetherian 
complete A-algebra R with residue field k, and a sequence of liftings pn of to 

Speci?„, where i?„ = R/rn^^, with an isomorphism of each pn with the restriction 
of Pn+i (a fonnal object p over i?,), satisfying the following condition. Notice that a 
homomorphism of A-algebras R ^ A, where ^ is a local artinian A-algebra, induces 
an object ^ over A, by factoring R A through some i?„, and pulling back p„ 
through the corresponding morphism Spec A — > Spec i?„ (this ^ is easily seen to be 
independent of n, up to a canonical isomorphism). We require the following. 

(a) If i? — >■ A is a homomorphism of A-algebras, ^ is the corresponding object over 
yl, j4' — > A is a surjcction of local artinian A-algebras, and ^' is a lifting of ^ 
to A' , then ^' is isomorphic to an object coming from a lifting R ^ A' oi the 
given homomorphism R ^ A. 

(b) If ^ is a object defined over the ring of dual numbers k[e], then there exists a 
unique homomorphism R — > k[f] inducing an object isomorphic to ^. 

The second condition is a minimality condition, ensuring that R is unique, up to a 
non-canonical isomorphism. The first one says that knowing R gives a considerable 
degree of control over liftings; for example, it implies that every lifting of to any 
local artinian A-algebra A is induced by a homomorphism R A. Furthermore, 
if ^ is a lifting of over some A, coming from a homomorphism R ^ A, and 
A' ^ A a surjcction of local artinian A-algebras, the existence of a lifting of ^ to 
A' is equivalent to the existence of a lifting R ^ A' oi the homomorphism R ^ A 
(often a considerably easier problem). 
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The formal object p over R is called a miniversal deformation, or a hull, in 
Schlessinger's terminology. 

The point of view in Schlessinger's paper, as in most of the literature, is that of 
functors; that is, we consider liftings of an object only up to isomorphism. A 
somewhat more sophisticated point of view, that of fibered categories, was intro- 
duced in |Rim72l : this allows to keep track of automorphisms, rather than collapsing 
them as we do when passing to isomorphism classes. This makes the formalism more 
elaborate; on the other hand, it captures more, and we hope to convince the reader 
that in the end it leads to a simplification. Certainly the results are cleaner and, in 
our opinion, more natural: for example, Schlessinger's conditions are replaced by a 



unique condition, the Rim~Schlessinger condition (Definition 2.30), that does not 
distinguish between two cases. And in any case, when learning algebraic geometry 
it is becoming more and more important to learn about stacks, which are particular 
fibered categories; thus it could be argued that learning about deformation theory 
in the same context is not unnatural, and can be advantageous. 

We stress that the object of this paper is the formal theory; we give several 
illustrative examples (deformation theory of schemes, subschemes and coherent 
sheaves), which are fundamental, but wc don't aim at completeness. Thus, for 
example, we don't include any material on the deformation theory of maps, which 
is extremely important, nor on the cotangent complex [11171] . as this would have 
increased the size of this article considerably. Also, we don't discuss at all the 
approach to deformation theory using differential graded Lie algebras. Our focus 
is on the abstract formalism; hopefully the examples and applications that are 
sprinkled all over will be sufBcient to keep the reader awake. 

We do not make any claim of originality, as all the material is very well known; 
we hope that the style of the exposition, with detailed proofs of all the results, 
and the content, slightly more advanced than that of ISer06| or of [HarlO] . will be 
sufficient to attract some readers. 

Description of content. Section [2] contains our treatment of "deformation cat- 
egories"; these are fibered categories over the opposite of the category of local 
artinian A-algebras, which satisfy an analogue of Schlessinger's condition, which 
are sufficient for some of the basic constructions. 

We describe Schlessinger's setup in §2.1[ We include no proofs, because we avoid 
this point of view in the rest of the paper. 



In S 2.2 we recall the formalism of fibered categories; our reference for all the 



proofs is jFGI+05[ Chapter 3]. 



The all-important definition of a deformation category is given in §2.3[ This is 
a fibered category satisfying what we call the Rim-Schlessinger condition, RS for 
short, which allows, in particular, to glue together objects along closed subschemes 
of spectra of local artinian rings, a basic construction that will be used all the time 
in the rest of our treatment. 

We introduce out three basic examples in §2.4| schemes, closed subschemes and 
quasi-coherent sheaves; these will accompany us all the way to the end. Here we 
are content with showing that they satisfy the RS condition. 

We define the tangent space to a deformation category in Section |3] The defini- 
tion is in §3.1| the RS condition is used in an essential way to construct the vector 
space structure. In §3.3| we prove the all-important Theorem |3.15[ which shows 
that the tangent space gives some control over the liftings. 
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In §3.4| we compute the tangent spaces in our basic examples. We give an applica- 
tion in §3.4.4[ we show that any infinitesimal deformation of a smooth hypersurface 
of degree d in P" is still a hypersurface, except for n = 2, d > 5 and for n ~ 3, 
d = A. 

Section [4] is a short one. Here we discuss infinitesimal automorphisms, and 
compute them in our basic examples. 

In Section [5] we discuss another extremely important concept, the obstruction 
theory. Contrary to the constructions of the previous sections, an obstruction 
theory is not canonical, and in fact in many concrete cases the same deformation 
problem has more than one obstruction theory attached to it. An obstruction 
theory gives for each surjective homomorphism A' ^ A oi A-algebras, whose kernel 
is a fc-vector space, and every lifting ^ of to A, an obstruction in a vector space 
whose vanishing is necessary and sufficient for the existence of a lifting of ^ to A' . 
Thus, the vanishing of all obstructions means that objects can always be lifted; in 
this case we say that is unobstructed. 

After the definition, we show that the every obstruction theory contains a min- 
imal one, which is canonical (but, unfortunately, mostly incomputable). Then we 
state the Ran-Kawamata Theorem, which we prove later. This gives a general 
condition for the vanishing of obstructions in characteristic 0; it implies, for exam- 
ple, that smooth proper varieties with trivial canonical bundle are unobstructed in 
characteristic 0. 

Next, we analyze our three running examples. For the case of schemes, we con- 
struct the obstruction theory in the smooth case. We state the result for generically 
smooth local complete intersections, without including a proof (as far as we know 
there is no really simple one). We include the famous example of Kodaira and 
Spencer of a smooth obstructed projective variety. 

Section |6] is the heart of the paper. We define the category of formal objects, 
which is fibered over the opposite of the category of local complete noetherian 
A-algebras with residue field k. We define the Kodaira-Spencer homomorphism, 
which associates with every formal object a linear map, representing in some sense 
the differential of the formal object. Then we define universal, versal and miniversal 
objects, and we state and prove Schlessinger's Theorem in our context, stating that 
under very mild and natural conditions, a miniversal deformation exists. As an 
application, we prove the Ran-Kawamata Theorem. We also show how a miniversal 
deformation (which is unique, up to a non-unique isomorphism) determines the 
dimension of the minimal obstruction space. We also give some examples. 

In 5 6.4 we analyze the problem of algebraization of schemes; namely, we give 
criteria for deciding when a formal scheme (i.e., a formal deformation, in our lan- 
guage) over a complete local ring comes from an actual scheme. We also give an 
example showing where this fails, even in the smooth case. 

Section [7] is an extended example, meant to illustrate many of the results; we 
analyze in detail the deformation theory of nodal curves. We also use deformation 
theory to prove some results on the local structure of a family of nodal curves which 
are commonly used in the literature. 

The various appendices contain several technical results and definitions that are 
used in several places in the text. 
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Prerequisites. These notes assume a basic knowledge of algebraic geometry, at 
the level of Hartshorne's book |Har77) . We also assume that the reader is comfort- 
able with the fundamental concepts of commutative and homological algebra. For 
certain topics we assume a little more specialized knowledge, in particular concern- 
ing regular sequences and local complete intersections. These topics are very well 
discussed in |Mat86| (a great all around reference for commutative algebra) and 
[FL85. Chapter IV]. 

Acknowledgements. This text is derived from the first author's undergradu- 
ate thesis (which can be found at |http : //etd . adm . unipi . it/theses/available/j 
'etd- 06292009- 165906/), which in turn was based on notes from two courses on 
moduli theory that the second author taught at the University of Bologna from 
2001 to 2003. The second author would like to thank all the students that attended 
the courses, and particularly Alessandro Arsic, Damiano Fulghesu and Elisa Targa, 
who took the notes. 

We are also grateful to Damiano for his assistance while the first author was 
drafting his thesis. Part of the work on thesis was done while both authors were 
visitors at MSRI; we enjoyed our stay immensely, and we are thankful for the 
hospitality. 

We are in debt with Ian Morrison and Gavril Farkas for the invitation to write 
about deformation theory, for their interest in this work, and for their encourage- 
ment. 

Some random suggestions for further readings. Unfortunately, there is no 
comprehensive introduction to deformation theory. Here are a few suggested refer- 
ences; the list is by no means supposed to be exhaustive. For many more, here 
are two good online resources: Charles Doran's historical bibliography (|http : | 
//www. math. Columbia. edu/-dorcai/Hist Ann Bib.pdf) and the nLab page on 
deformation theory (http : //ncatlab . org/nlab/ show/def ormation+theory ). 

Two recent, very good elementary treatments, pitched at a slightly more ele- 
mentary level than ours, are |Ser06) and |Harl0] . The canonical reference is |I1171| . 
together with its second volume |I1172| : it is quite abstract, but very well written, 
and amply rewards the patient reader. For the analytic treatment, one can consult 
|Kod86j . 

The other references have a narrower goal. The second author learnt a lot, in 
the ancient times when he was a graduate student, from | Art 76] . which focusscs on 
isolated singularities. For deformations of analytic singularities, one can profitably 
consult [GLS07j . KoUar's book ,Kol96j contains a very complete discussion of the 
deformation theory of subschemes. 

For an introduction to the more modern point of view, using differential graded 
Lie algebras, two good sources are ^Man99j and |Man09| . An excellent exposi- 
tion of the deformation theory of associative algebras, including an introduction to 
Kontsevich's theory of the deformation theory of Poisson manifolds, is in |DMZ07| . 

Notations and conventions. All rings will be commutative with identity, and 
noetherian. If A is a local ring, xtxa will denote its maximal ideal. 

The symbol A will denote a noetherian local ring, which is complete with respect 
to the TTiA-adic topology, meaning that the natural homomorphism A ]^m{A/m") 
is an isomorphism. By k we denote a (not necessarily algebraically closed) field; it 
will usually be the residue field A/ttia of A. 
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We denote by (Art a) the category of local artinian A-algebras with residue field 
k. The order of an object A G (ArtA) will be the least n such that tn^"*"^ = 0. 
Similarly (Comp,\^) will be the category of noetherian local complete A-algebras 
with residue field k. 

Notice that all lionioniorphisms in (ArtA) and (CompA) are automatically local. 
In general, if ^ is a local ring with residue field k, we will denote by (Art^) the 
category of local artinian A-algebras with residue field k, and by (Comp^) the 
category of noetherian local complete A-algebras with residue field k. 

We will be dealing with the opposite categories (ArtA)"^ and (CompA)°P. This 
should cause no confusion regarding objects, since they are the same ones as in the 
categories above. So it will be equivalent to say for example "let A be an object 
of (ArtA)" and "let A be an object of (ArtA)°'"'. Concerning arrows, every time A 
and B are rings, the symbol A ^ B will always denote a genuine homomorphism 
of rings, which of course becomes an arrow from i? to A in the opposite category. 
When we will need to refer specifically to this last arrow, we will denote it by 
{A — >■ B)°P or by (if ip is the homomorphism A B), and the reader should 
always view it as the induced morphism of affine schemes Spec B — >■ Spec A. 

An important role will be played by the A-algebra fc[e], that is, the fc-algebra 
k[t]/{t^) c:± k(B ke (the ring of dual numbers of fc), where e = [t]. 

A generalization of the algebra of dual numbers is the following. Given a ring 
A and an A-module M, we denote by A ® M the A-algebra in which the product 
is defined by the rule (a, m)(6, n) = {ah, an + bm). Its maximal ideal is M, and 
= 0. We will call this the trivial algebra structure on A ® M. 

In particular if F is a fc-vector space, k®V becomes a fc-algebra as well as a 
A-algebra, by means of the map A — > fc. 

When dealing with categories, as customary we will not worry about set-theoretic 
problems, so in particular the collections of objects and arrows will always be treated 
as sets. A functor F: A ^ B will always denote a covariant functor from A to B] 
a contravariant functor from A to B will be considered as a covariant functor from 
the opposite category, written F: B. If ^ is a category, A A will mean 

that A is an object of A. 

We denote by (Set) the category of sets, by (Mod^) (resp. (FMod^)) the cate- 
gory of (finitely generated) modules over the ring A, by (Vcctk) (resp. (FVcctfe)) the 
category of (finite-dimensional) fc-vector spaces, by (Schg) the category of schemes 
over a base scheme S. By a groupoid we mean a category in which all arrows arc in- 
vcrtiblc. A trivial groupoid, will be a groupoid in which for any pair of objects there 
is exactly one arrow from the first to the second; they are precisely the categories 
that are equivalent to the category with one object and one arrow. 

All schemes we will consider will be locally noetherian, and if / : A — > F is a mor- 
phism of schemes, : Oy — > f*Ox will denote the corresponding homomorphism 
of sheaves. If A is a scheme, we write |A| for the underlying topological space, 
and quasi- coherent Ox-niodule as well as quasi- coherent sheaf will always mean 
quasi-coherent sheaf of Ojf-modules. Usually, we specify the structure sheaf only 
when there are different schemes with the same underlying topological space. If 
X & X is a. point of the scheme X, we will denote by k{x) its residue field Ox,x/^x- 

If X is a scheme over k, the sheaf of Kahler differentials flx/k on X coming from 
the morphism X — )• Specfc will be denoted simply by Six, and we use the same 
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convention with the tangent sheaf; in the same fashion, the sheaf of continuous dif- 
ferentials ^li/k of an object R e (Compj,) will be denoted by (see Appendix [b|). 
Moreover by a rational point of X we always mean a fc- rational point. 

A pointed scheme {S, sq) over a field k will be a fc-scheme S with a distinguished 
rational point sq e S{k). A morphism {R,ro) — > {S,ro) of pointed schemes is a 
morphism "0: i? — ^ 5 of fc-schemes, carrying rg into sq- 

If X C y is a closed immersion of schemes over a ring A, with sheaf of ideals I, 
by the conormal sequence associated with this immersion we will always mean the 
exact sequence of Ojs: -modules 

I/P ^ ^y/a\x ^ ^X/A ^ 0. 

If X is a scheme over a ring A and A ~> B is a ring homomorphism, we denote 
by Xg the base change X XgpccA SpecB, and we will use the same notation for 
pullbacks of quasi-coherent sheaves. 

liU — {Ui}i(zi is an open cover of a topological space X, we will denote by Uij 
the double intersection UiDUk, by Uijk the triple intersection Ui D Uj D Uk, and so 
on. 

By a variety we will always mean a reduced separated scheme of finite type over 
the field k. A curve will be a variety of dimension 1. 



2. Deformation categories 

In this section we start from a geometric deformation problem, and see how it 
leads naturally to a functor (the deformation functor of the problem), which is 
formed by taking isomorphism classes in a category fibered in groupoids. We recall 
briefly Schlessinger's Theorem of deformation functors to motivate the introduction 
of the abstract objects we will use to formalize deformations problems, that is, 
deformation categories. Finally, we introduce our three illustrative examples, which 
will be analyzed in detail throughout this work. 

2.1. Deformation functors. We start by describing the most basic example of a 
deformation problem, that of deformations of schemes. 

Let Xq be a proper scheme over fc; we are interested in families having a fiber 
over a rational point isomorphic to Xq. 

Definition 2.1. A (global) deformation of Xq is a cartesian diagram of schemes 
over k 

Xq ^X 



Spec k ^ S 

where f : X ^ S is a flat and proper morphism, and S is connected. 

Sometimes X is called the total scheme of the deformation, S the base scheme. 
We denote by sq the rational point given by the image of Spec fc — )■ 5, as we call it 
the base point of the deformation; this makes (S*, Sq) into a pointed scheme. 

Notice that to give a deformation we can equivalently give a flat and proper 
morphism f : X ^ S and an isomorphism of the fiber of / over a rational point 
Sq G S with Xq. We will usually refer to a deformation simply as the morphism 
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of schemes, leaving the rational point of S and the isomorphism with the fiber 
understood. 

The flatness hypothesis in Definition |2.f | is in some sense a continuity condition 
(it ensures that, locally on X, the fibers do not vary too wildly). The properness 
condition must be assumed when dealing with global deformations, to prevent con- 
structions that are really "wrong" . In the situation above, we consider the fibers of 
X ^ S over other rational points of S to be deformations of Xq (this is justified by 
the fact, for example, that many invariants are constant under deformation). But 
acts of vandalism, such as randomly deleting fibers over closed points of S different 
from So, or deleting points on such fibers, will change them in such a way that 
they cannot be considered as deformations of Xq, unless one wants to end up with 
a completely useless notion. This problem does not arise with infinitesimal defor- 
mations, because there are no other fibers, and moreover it is important to study 
deformations of affine schemes with isolated singularities. Because of these reasons, 
we will drop the properness assumption once we focus on infinitesimal deformations. 
One can define global deformations of isolated singularities, but the definition is a 
little more subtle (see |Art74j ). In dealing with deformations over non-noetherian 
schemes one usually asks the morphism to be also finitely presented. 

Definition 2.2. An isomorphism between global deformations f: X ^ S and 
g: Y — > S of Xq with the same distinguished point sq € S is an isomorphism 
of S -schemes F: X ~^Y, inducing the identity on Xq. 

Every Xq has a trivial deformation over any scheme S over fc, given by the 
projection Xq Xspccfc S ^ S, and we can take as distinguished fiber any fiber over 
a rational point of S", since they are all isomorphic to Xq. A deformation of Xq 
over S is called trivial if it is isomorphic to a trivial deformation. 

Deformations over a fixed {S, sq) with isomorphisms form a category, which is a 
groupoid by definition. We call this category VefglxoiS^SQ). 

This construction is functorial in the base space: if we are given a morphism 
"0: (R,rQ) {S,sq) of pointed schemes and a deformation / : X — > of Xq, we 
can form the fibered product and consider the projection R x g X ^ R, which is a 
deformation of Xq over R. 

Xq ^RxsX ^X 



Spec k — — ^ R ■ 



Moreover, if we have two isomorphic deformations over {S, sq), say f: X ^ S and 
g: Y ^ S with an isomorphism F: X ^Y, then F induces an isomorphism 

id X sF : RxsX-^RxgY, 

and this association gives a pullback functor tjj* : Vefglxg (S, sq) Vefglxo [Rj ^o)- 
For a number of reasons the first step in studying deformations is considering 
infinitesimal ones. 

Definition 2.3. An infinitesimal deformation is a deformation such that S = 
Spec A, where A £ (Art^), and the morphism / : X — >■ Spec A is not necessarily 
proper. A first-order deformation is an infinitesimal deformation with A — k[e]. 
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In the case of infinitesimal deformations X and have the same underlying 
topological space, and what changes is only the structure sheaf. This is because 
the sheaf of ideals of Xq in X is nilpotent, being the puUback of the sheaf of ideals 
on Spec A corresponding to the maximal ideal of A. 

We can perform the same constructions as above with infinitesimal deforma- 
tions. We will denote by VefxoiA) for A e (Artfc) the category of infinitesimal 
deformations of Xq over Spec A. 

Now that we have restricted our attention to infinitesimal deformations, following 
the classical approach, we define a "deformation functor" for our problem. 

Definition 2.4. The deformation functor defined by Xq is the functor 

Defxo : (Artfc) — > (Set) 

defined on objects by sending A to the set Deixg (^) isomorphism classes of infini- 
tesimal deformations of Xq over Spec A, and sending a homomorphism ip: A^ B 
into the function tp^ : Defxo(^) — > Defxo(i?) given by the pullback. 

Remark 2.5. Notice that we introduced a covariant construction p ^ ip^, and still 
called it pullback, and not pushforward. This is because we always want to consider 
(Artfc)°P as a subcategory of (Schfc), and from this point of view the function Lp^ is 
the pullback ip* induced by the map p : Spec B — ^ Spec A corresponding to p. 

To avoid this confusion, every time we will have a homomorphism p: A ^ B 
that induces a pullback function in some way, we will still denote it by p^, , keeping 
in mind that it is the pullback induced by the associated map on the spectra. 

We also stress the fact that DefxQ(^) is the set of isomorphism classes of a 
groupoid VefxoiA), and the function p^ is the one induced by the pullback functor 
we defined before, along the morphisni of schemes Spec B — > Spec A. 

In conclusion, the study of infinitesimal deformations of a fixed scheme Xq leads 
to a functor (Artfc) — (Set). With this motivation in mind, we make the following 
definition. 

Definition 2.6. A predeformation functor is a functor F : (Artfc) — )■ (Set), such 
that F{k) is a set with one element. 

The idea is of course that the element of F{k) is the object that is getting 
deformed, and the elements of F{A) are (isomorphism classes of) its deformations 
on Spec A. Nearly every geometric deformation problem can be formalized in this 
setting; we will see some examples of how this is done. 

After their introduction by Grothcndieck, these functors have been studied by 
Schlessinger, in |Sch68j (another exposition can be found in |Ser061 Chapter 2]). 
Since we will review most of the theory using fibered categories, there is no point 
in describing it in detail here. An exception is the so-called Schlessinger's Theorem 
(which is the central result of Schlessinger's paper), which will provide a basic 
condition for the fibered categories we will consider. To state the Theorem we need 
a couple of definitions. 

Definition 2.7. A predeformation functor is prorepresentable if it is isomorphic 
to a functor of the form IIomfc(i?, — ) for some R G (Compfc). 

Prorepresentability corresponds to the existence of what is called a universal for- 
mal deformation, and is clearly a good thing to have, but it is also quite restrictive. 
A substitute when prorepresentability fails is the existence of a hull, which is a 
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formal deformation having a weaker universality property. Again, we will not go 
into details here, because we will discuss all of this later in a more general context. 

Definition 2.8. A small extension is a surjective homomorphism ip: A' ~> A in 
(Artfc), such that kenp is annihilated by xua' , so that it is naturally a k-vector 
space. A small extension is called tiny if ker ip is also principal and nonzero, or 
equivalently if ker k as a k-vector space. 

Definition 2.9. The tangent space of a predeformation functor F isTF = F{k[e]). 

This is of course only a set in general, but it has a canonical structure of fc-vector 
space if F satisfies condition (H2) below (see |Sch68| ). 

Let _F be a predeformation functor, and suppose we are given two homomor- 
phisms A' ^ A and A" A m (Art^j). Then we can consider the fibered product 
A' xa A" (notice that this is still an object of (Artfe)), and we have a natural map 
/ : F{A' XaA") — F{A') x pi^A) F{A") given by the universal property of the target. 
Schlessinger's condition are as follows: 

(HI) / is surjective when A' A is a tiny extension. 

(H2) / is bijective when A' = k[e] and A = k. 

(H3) The tangent space TF is finite-dimensional. 

(H4) / is bijective when A' — A" and A' — > A is a tiny extension. 

Theorem 2.10 (Schlessinger). A predeformation functor F has a hull if and only 
if it satisfies (H1),(H2),(H3) above, and it is prorepresentable if and only if it also 
satisfies (H4). 

Conditions (HI) and (H2) are usually satisfied when dealing with functors coming 
from geometric deformation problems. Because of this, a predeformation functor 
satisfying (HI) and (H2) is called by some authors a deformation functor. Sch- 
lessinger's terminology is a bit different, since with "deformation functor" he means 
our predeformation ones. 

As we mentioned, in this paper we are not going to use the formalism of functors, 
but that of categories fibered in groupoids, which we introduce next. 

2.2. Categories fibered in groupoids. As we have seen, the deformation functor 
of a scheme Xq is formed by taking isomorphism classes in a certain groupoid. This 
is what typically happens when a geometric deformation problem is translated 
into a functor. But sometimes, for example when using deformation theory to 
study moduli problems, it is useful and natural to keep track of isomorphisms and 
automorphisms. 

This leads us to using categories fibered in groupoids instead of functors while 
developing our theory. In the example introduced above, this amounts to consid- 
ering a certain category, which we will denote by Vefxa, that has all infinitesimal 
deformations of Xq as objects (see below for a precise definition). We have a natu- 
ral forgetful functor Vefxo ~^ (Artfe)°P, which makes Vefxo ^ category fibered 
in groupoids over (Artfc)°P. 

Here we recall the definitions and some basic facts about fibered categories. All 
the proofs and more about the subject can be found in |FGI+05[ Chapter 3]. 

2.2.1. First definitions. In what follows we consider two categories F and C with 
a functor pj=: T ^ C. In this context, the notation ^ i-> T where £, & F and T 
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will mean pjr£^ — T (and we will sometimes say that ^ is over T). Moreover we will 
call a diagram like this 



T 

commutative iipjrf = ip (and we will sometimes say that / is over ip). 

Definition 2.11. An arrow f'.^^rjofj-is cartesian if the following universal 
property holds: every commutative diagram 



can always be filled with a dotted arrow, in a unique way. 

In other words, given any two arrows g: v ^ rj in J- and ip: U ^ T in C, where 
U — pjrv and T = pj^^, such that pjrf o ip = pjrg, there exists exactly one arrow 
h: v ^ over tp such that f o h — g. 

It is very easy to see that if we have two cartesian arrows f ■ S. ^ rj and g: v ^ rj 
in J- over the same arrow of C, then there is a canonically defined isomorphism 
/i : ^ ~ J/, coming from the universal property, and compatible with the two arrows, 
meaning that g o h — f. 

Definition 2.12. Let C be a category. A fibered category over C is a functor 
pjr: T C, such that for every object r] of T and every arrow ip: T ~> pjrrj of C, 
there exists a cartesian arrow f : ^ rj of T over Lp. 

Sometimes we will also say that is a fibered category over C. 

In the situation above we say that ^ is a pullback of 77 to T along the arrow p. 
So fibered categories are basically categories in which we can always find puUbacks 
along arrows of C. The existence of some sort of pullback is a very common feature 
when dealing with geometric problems, so it seems convenient to use the formalism 
of fibered categories in this context. 

By the remark above, pullbacks are unique, up to a unique isomorphism. 

Definition 2.13. IfT is an object of C, we can define a fiber category, which we 
denote by T{T): its objects are objects ^ of J-' such that pjr^ — T, and its arrows 
are arrows f : ^ ^ rj of T such that pjrf = iAt . 

A fibered category J- ^ C is a category fibered in groupoids if for every object T 
of C the category J-{T) is a groupoid, i.e. every arrow of J-{T) is an isomorphism. 

In the following we will always use categories fibered in groupoids. 
We have the following criterion to decide whether a functor T ^ C gives a 
category fibered in groupoids. 

Proposition 2.14 ( jFGI"'"05| Chapter 3, Proposition 3.22]). Consider a functor 
^ C. Then T is a category fibered in groupoids over C if and only if the following 
conditions hold: 



a 
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(i) Every arrow of T is cartesian. 

(ii) Given an arrow T ^ S of C and an object rj G J'{S), there exists an arrow 

^ 7] of J- over T ^ S (which is automatically cartesian because of the 
previous condition). 

So a fibered category J-" — > C is fibered in groupoids if and only if every arrow of 
T gives a puUback. 

The ambiguity in the choice of a pullback is sometimes annoying when defining 
things that seem to depend on it. However, in these cases the constructions one 
ends up with are independent of the choice in some way (the construction of the 
pullback functors we will see shortly is an example). To avoid this annoyance, we 
make the choice of a pullback of any object along any arrow once and for all. 

Definition 2.15. A cleavage for a fibered category J- ^ C is a collection of carte- 
sian arrows of T , such that for every object ^ of J- and every arrow T S in C, 
such that ^ G ^{S), there is exactly one arrow in the cleavage with target ^ and 
over T ^ S. 

We can use some appropriate version of the axiom of choice to see that every 
fibered category has a cleavage. Fixing a cleavage in a fibered category is somewhat 
like choosing a basis for a vector space: sometimes it is useful because it makes 
things clearer and more concrete, but usually one would like to have constructions 
that are independent of it. 

In what follows we will always assume that we have a fixed cleavage when we are 
dealing with fibered categories. If we have an arrow ip: T ^ S oi C and an object 
^ £ J-{S), we will denote the pullback given by the cleavage by ip*{S,), or when 
no confusion is possible. 

Now suppose we have ip: T — > S" an arrow of C. We can define a pullback functor 
If* : J-{S) ^{T) in the following way: an object ^ goes to 'f*{C)i the pullback 
along iy9, and an arrow / : ^ — > 77 in T{S) goes to the unique arrow that fills the 
commutative diagram 



As with objects, when no confusion is possible we write /|t instead of ip*(f). 

It is very easy to see that a choice of a different cleavage will give another pullback 
functor, but the two will be naturally isomorphic. From now on we will leave this 
type of comment understood when doing constructions that use a cleavage. 

Sending an object T of C into the category J-"(T), and an arrow (p: T S 
into the pullback functor (f* : J^{S) — )■ J-{T), seems to give a contravariant functor 
from C to the category of categories. This is not quite correct, because it could 
well happen that, if ip: S ^ U is another arrow in C, the functors ip* o ip* and 
(ij; o ip)* are not equal, but only canonically isomorphic. In this case we obtain a 
pseudo-functor ( [FGI+OSl Chapter 3, Definition 3.10]). 




T 





T 



S. 
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Taking isomorphism classes in the fiber categories clearly fixes this problem: 
given a category fibered in groupoids J- C we have a functor F: C°p — t- (Set) 
that sends an object T of C into the set of isomorphism classes in the category 
F{T), and an arrow ip: T S to the obvious puUback function ip* : F{S) F{T). 

Definition 2.16. We will call F the associated functor of F. 

In general we cannot recover a category fibered in groupoids, up to equivalence, 
from its associated functor. This is possible for categories fibered in equivalence 
relations (see later in this section). See |LO09] for some other highly non-trivial 
cases in which reconstruction is possible. 

Example 2.17. As we will see, the categories Ve/xgiA) introduced above can 
be put together as fiber categories of a category fibered in groupoids Vefxa ^ 
(Artfc)°P. The deformation functor Defxo : (A^rt^) — >■ (Set) is then precisely the 
associated functor of this category fibered in groupoids. 

2.2.2. Morphisms and equivalence. Suppose pjr : F ^ C and pg: Q — > C are two 
categories fibered in groupoids. 

Definition 2.18. A morphism o/ categories fibered in groupoids from F to Q is a 
functor F : F ^ Q which is base-preserving, i.e. such that pg o F — pjr. 

Remark 2.19. If T is an object of C, the functor F will clearly induce a functor 
F{T) — G{T) which we denote by F^. In particular F will induce a natural 
transformation between the associated functors of F and Q. 

With this definition of morphism comes a notion of isomorphism between fibered 
categories, but as it often happens when dealing with categories, this notion is too 
strict. 

Definition 2.20. Given two morphisms F, G: F ^ Q, a natural transforma- 
tion a: F ^ G is said to be base-preserving if for every object ^ of F the arrow 
a^: F(0 ^ G(0 «s in g{T), where T ^ pjr{^) . 

An isomorphism between F and G is a base-preserving natural equivalence. 

Definition 2.21. Two categories fibered in groupoids F ^ C and ^ — > C are said 
to be equivalent if there exist two morphisms F : F ^ Q and G: Q ^ F , with an 
isomorphism of F o G with the identity functor of Q and of G o F with the one of 
F. 

In this case we will say that F is an equivalence between F and Q, and that F 
and G are quasi-inverse to each other. 

We have a handy criterion to decide whether a morphism of fibered categories 
is an equivalence. 

Proposition 2.22. jFGI"'"05l Chapter 3, Proposition 3.36] A morphism of cate- 
gories fibered in groupoids F: F ^ Q is an equivalence if and only if Ft : F{T) ^• 
Q (T) is an equivalence for every object T of C . 

2.2.3. Categories fibered in sets. A particularly simple class of fibered categories is 
that of categories fibered in sets. 

Definition 2.23. A category fibered in sets is a fibered category F ^ C such that 
F{T) is a set for any object T ofC. 
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Here we see a set as a category whose only arrows are the identities. The following 
proposition says that in a category fibered in sets puUbacks are "strictly" (meaning 
"not only up to isomorphism") unique, and this feature characterizes them. 

Proposition 2.24. |FGI+05| Chapter 3, Proposition 3.25] Let T C be a functor. 
The category J- is fibered in sets over C if and only if for every arrow T — > of C 
and every object ^ of J-{S) there exists a unique arrow in J- over T ^ S and with 
target ^. 

Because of this uniqueness, when — C is fibered in sets the associated pseudo- 
functor is actually already a functor, which we denote by <i>jr: C°p — > (Set). More- 
over any morphism F: J- ^ Q of categories fibered in sets over C will give a natural 



transformation ipp : $jf — $g, as in Remark 2.19 This association gives a functor 
from the category of categories fibered in sets over C and the category of functors 
C°P -> (Set). 

Proposition 2.25. [FGI+OSl Chapter 3, Proposition 3.26] The functor defined 
above is an equivalence of categories. 

We sketch briefly the inverse construction. Let F: C°p — ?> (Set) be a functor, 
and consider the following category, which we call J^p'- as objects take pairs (T, ^), 
where T is an object of C and ^ € F{T), while an arrow /: (T, ^) — ^ {S,ri) will be 
an arrow f : T ^ S such that F{f){ri) ~ ^. Then is a category fibered in sets 
over C. 

Given a natural transformation a: F G between two functors C°p — > (Set), 
we construct a functor Ha : J-p — > J'G, as follows: an object (T, ^) of J-p goes to 
the object (T, Qf(T)(^)) of Tq, and an arrow /: (T, ^) (S", 77) simply goes to itself 
(as an arrow / : T — > 5 of C). It can be shown that this gives a functor, which is a 
quasi-inverse to the one considered above. 

Example 2.26. In particular if X is a scheme over 5*, we can see it as a functor 
hx '■ (Sch5)°P — ^ (Set) (by the classical Yoneda Lemma), and also as a category 
fibered in groupoids ((Schs)/^) — > (Schs) (by the preceding Proposition). To 
avoid this cumbersome notation we will write X for hx and also for ((Schs)/^). 

Another class of simple fibered categories are the ones fibered in equivalence 
relations. We say that a groupoid is an equivalence relation if for any pair of 
objects there is at most one arrow from the first one to the second. Another way 
to say this is that the only arrow from any object to itself is the identity. 

Definition 2.27. A fibered category J- C is said to be fibered in equivalence 
relations if for every object T of C the fiber category J^{T) is an equivalence relation. 

The name "equivalence relation" comes from the fact that if a groupoid J- is an 
equivalence relation, and we call A and O its sets of arrows and objects respectively, 
the map A — > O x O that sends an arrow into the pair (source, target) is injective, 
and gives an equivalence relation on the set O. 

We have the following fact, which characterizes categories fibered in equivalence 
relations. 

Proposition 2.28. |FGI+05| Chapter 3, Proposition 3.40] A fibered category T 
C is fibered in equivalence relations if and only if it is equivalent to a category fibered 
in sets. 
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Because of this, sometimes categories fibered in equivalence relations are called 
quasi-functors. 

Now suppose that T in an object of C, and consider the comma category {C/T), 
defined as follows: its objects are arrows S oiC with target T, and an arrow 
from / : 5 — >■ T to (7 : ?7 — 7- T is an arrow h: S ^ U C, such that g o h = f. We 
have a functor (C/T) ^ C that sends S ^ T into S, and an arrow as above to the 
arrow h: S ^ U of C 

(C/T) — >■ C is a category fibered in sets: given an arrow 5* — >■ /7 of C and an 
object over U, that is, an arrow U ^ T, the only possible pullback to S is the 
composite S ^ U ^ T. It is also easy to see that this category fibered in sets 
is the one associated with the functor hx- C°p (Set) represented by T (up to 
equivalence of course). 

Definition 2.29. A category fibered in groupoids F C is called representable if 

it is equivalent to a category fibered in groupoids of the form {C/T). 

Clearly if — ^ C is representable, then it is fibered in equivalence relations. 

2.3. Fibered categories as deformation problems. Now suppose that T 

(Schg) is a category fibered in groupoids coming from a geometric deformation 
problem, where S = Spec A; or some other base scheme (we will see how this as- 
sociation is carried out in some examples). Here the idea is that objects of the 
category F{T) arc families with base scheme T, which parametrize some kind of 
algebro-geometric object. 

A particular role is played by the objects of J'(Spec k) where fc is a field over S 
(i.e. with a morphism Spccfc — > S*), which correspond, by a version of the Yoncda 
Lemma for fibered categories, to morphisms of categories fibered in groupoids 
Spec k ^ J^. These morphisms, in analogy with what happens with schemes, can 
be considered as "points" of the deformation problem (compare with the concept 
of points of an algebraic stack, for example). 

The first step in the study of a deformation problem in the form of the category 
T as above is an infinitesimal study of the local geometry of T around a fixed 
"point" ^0 G J- (Speck); in other words, again in analogy with the case of schemes, 
one studies morphisms Spec^ J", where A e (Artfc), such that the composition 
Specfc Spcc^ T corresponds to the fixed object ^o- Again by the analogue 
of the Yoneda Lemma, these morphisms correspond to objects of J^(Spec A) . 

This leads us to restricting the fibered category J" — )• (Schg) to the full sub- 
category (Artfe)°P C (Schg), where k is some field over S, that is, to considering 
infinitesimal deformations. Usually we will also concentrate our attention to objects 
restricting to a given over k, but it is not necessary to do so right away. 

Actually, as explained in the introduction, it is sometimes useful to have a theory 
for deformations over artinian algebras over a complete noetherian local ring A 
with residue field k. So with this motivation in mind, from now on we will study 
categories fibered in groupoids T (ArtA)°'', where A is as above. We will turn 
back to "global" deformations only occasionally. 

We stress once again that we will always identify (ArtA)"^ with the corresponding 
full subcategory of (SchA). From now on we will drop the notation J^(Spec A) and 
write simply J^{A) for the fiber category of over Spec A, and if — >■ (ArtA)°^ 
is a category fibered in groupoids, (p: A' A a, homomorphism in (ArtA), and 
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/: ^ — > 77 an arrow of T with ^ G and r\ G F(yl'), we will say that / is over 

Lp if its image in (ArtA)"^ is the arrow iy9°P from A to A' corresponding to Lp. 
We will also draw some strange-looking commutative diagrams like this 



A^^A' 

which should of course be read as 



Spec A ^ Spec A' . 

2.3.1. The Rim-Schlessinger condition. For everything that follows we need to im- 
pose a very important gluing condition on a category fibered in groupoids T — 
(ArtA)°P- Suppose that we have two homomorphisms it' : A' ^ A, tt": A" A in 
(ArtA), the second one being surjective. Consider the fibered product A' Xa A", 
which is easily seen to be an object of (ArtA) as well. We have two pullback functors 
J^{A' Xa A") J^{A') and T{A' xa A") J^{A"), such that the composites 

TiA' XA A") ^ J-(A') ^ T{A) 

and 

J^{A' Xa A") ^ J^{A") ^ J-(A) 

with the pullback functors to A are isomorphic. We get an induced functor 

a>: ^(A' A") ^ J-(A') x^(^) 

(see Appendix [C] for the definition of fibered products of categories). 

More exphcitly, $ sends an object into a' 7 £.\ A" , d) where 9: (CU')U ~^ 
(CU")U is the canonical isomorphism identifying the puUbacks of ^\a' and S,\a" to 
A as pullbacks of and an arrow / : ^ — > 77 is mapped to the pair (/U', /U") of 
induced arrows on the pullbacks. 

Definition 2.30. A category fibered in groupoids T (ArtA)°'' satisfies the Rim- 
Schlessinger condition (RS from now on) if ^ is an equivalence of categories for 
every A, A' , A" e (ArtA) o,nd maps as above. 

This condition, which was first formulated by D. S. Rim in |Rim72| . resembles 
very much Schlessinger's, and actually implies (HI) and (H2) for the associated 
functor, as is very easy to see ((H4) is a little more subtle, see Proposition 2.1.12 
of lOssOSQ . 

Despite the fact that RS is somewhat stronger than (H1) + (H2), when one proves 
that a given category fibered in groupoids (or rather its associated functor) satisfies 
the latter, he or she usually proves that the category satisfies RS (or could do so 
with little extra effort). Moreover all categories fibered in groupoids coming from 
reasonable geometric deformation problems seem to have the stated property, so 
we will take it as a starting point. 
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Definition 2.31. A deformation category over A is a category fibered in groupoids 
over (ArtA)°P that satisfies RS. 

Deformation categories are called "homogeneous groupoids" in |Rim72j , and "de- 
formation stacks" in |Oss05| . 

From now on when we have a deformation category T — > (ArtA)"^ with A, A' ,A" 
artinian algebras as above, and objects ^' G J^iA') and ^" £ F{A") with a fixed 
isomorphism of the puUbacks to A, we denote by an induced object over 

the fibered product A' A" . When the isomorphism over A or the choice of such 
an object is relevant, we will be more specific. 

Example 2.32. As a trivial example, we consider the category fibered in groupoids 
X — (ArtA)°P given by a scheme X over Spec A. 

li X = Speci? is affine, for every B G (ArtA) we have a natural bijection 
X{B) ~ HoniA(i?, -B), and if we take A, A', A" e (ArtA) and maps as above, the 
map X{A' XaA") — X{A') Xx(a) X{A") is a bijection because of the properties of 
the fibered product. When X is not affine one reduces to the affine case by noticing 
that the image of the morphisms involved is a point of X, and taking an affine 
neighborhood. 

A morphism of deformation categories will simply be a morphism of categories 
fibered in groupoids. 

Given a deformation category pjr: F ^ (ArtA)°P and an object over Specfc, 
we can construct another deformation category J^^^ that contains only objects of 
T that restrict to over Specfc (and in this sense are deformations of ^q), taking 
the (dual) comma category: 

Objects: arrows f : ^ ^ oi F , or equivalently pairs (^, ^p) where ^ is an 
object of F and Lp is an arrow in T{k) between and the puUback of ^ to 
Spec fc. 

Arrows: from f ^ £, to g: ^ r] are arrows /i: ^ — >■ of such that 
ho f = g, ov equivalently the arrow — ^ Co induced by h is the identity. 
We have also an obvious functor — > (ArtA)°P sending (C, ip) into pjf^. The 
following will be useful when we have to consider deformations of a fixed object 
over fc. 

Proposition 2.33. If F ^ (ArtA)°^ is a deformation category and G ^{k), 
then J-(^„ (ArtA)"'' is also a deformation category. 

Exercise 2.34. Prove Proposition |2.33| 

2.4. Examples. Now we introduce three examples of deformation problems that 
will show up systematically in the following, providing concrete examples to our 
abstract constructions. In each of these examples some additional hypotheses may 
be required (on the ambient scheme over A in the case of deformations of closed 
subschemes, for example) to make things work out sometimes. We will specify these 
hypotheses case by case. 

Each of these examples has also a classical associated deformation functor, which 
can be simply obtained by taking the associated functor of the deformation category 
we will introduce for the problem. 

2.4.1. Schemes. The most basic example is the one already introduced, that of 
deformations of schemes without additional structure. 
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Let US consider the following category fibered in groupoids, which we will denote 
by Vef ^ (ArtA)°P: 

Objects: flat morphisms of schemes X — > Spec A, where A E (ArtA)- 
Arrows: from X — >■ Spec^ to F — >■ SpecB arc pairs {(p, f) where ip: B ^ A 
is a homomorphism of A-algebras and f : X c^i is an isomorphism of 
schemes (recall that Ya denotes the base change Y x spcc b Spec A) . 

Given two arrows {f, f) from X — >■ Spec A to F — > Speci? and (V'jff) from 
Y — Spec _B to Z — >■ Spec C the composite {ip,g)o {ip, f) is (p, h) where p : C — )■ A is 
simply (poijj^ and if we call gA'- Ya — {Zb)a the isomorphism induced by g : F ~ 
by base change, then /i: AT ~ Za is given by the composite 

X^Ya^ {Zb)a ^ Za 

where the last isomorphism is the canonical one. 

We have a natural forgetful functor Vef — >■ (ArtA)"^, and by the properties of 
the fibered product and the way we defined arrows we see that the conditions of 



Proposition 2.14 are satisfied, so that Vef (ArtA)"^ is a category fibered in 
groupoids. Notice that if Xq g Vef{k) and A G (ArtA), the category Vefxoi^) is 
exactly the one we defined at the beginning, of flat schemes over Spec A with an 
isomorphism of the closed fiber with Xq. 

Proposition 2.35. The category fibered in groupoids Vef — > (ArtA)°P is a defor- 
mation category. 

The proof of this is postponed to Appendix [Dj 

In what follows we will mostly be interested in schemes of finite type. However, 
if Xq is a scheme of finite type over fc, it is easy to see that any lifting of Xq to any 
A E (ArtA) is of finite type over A, so we don't need to restrict Vef. 

2.4.2. Closed suhschemes. For our second example we want to consider, given a 
closed immersion of schemes Yq (1 X over fc, families of subschemes of X including 
the given Yq as a fiber over a rational point. 

In our setting, given a scheme X over Spec A, we consider the following category, 
which we will denote by T-Lilb-^: 

Objects: pairs (A, Y) where A E (ArtA) and F is a closed subscheme of Xa, 
flat over A. 

Arrows: from {A, Y) to {B, Z) arc homomorphisms B ^ A, such that the 
induced closed subscheme Za C {Xb)a corresponds to F C Xa under the 
canonical isomorphism (Xb)a — Xa. 
Composition is given by the usual composition of ring homomorphisms, and it is 
easily checked that this is well defined: that is, if we have tp: {A, Y) — > {B, Z) and 
ip: {B,Z) — 7> (C, W) arrows as above, then the composite ipo t/j: C A is still an 
arrow in our category, i.e. the induced closed subscheme Wa ^ {Xc)a corresponds 
to y C Xa with respect to the canonical isomorphism (Xc)a — Xa- 

We have a natural forgetful functor T-Lilh^ — (ArtA)°P, and again by the proper- 
ties of fibered products and definition of the arrows we easily see that we can apply 



Proposition 2.14 so that T-Lilb-^ — > (ArtA)°P is a category fibered in groupoids. 

There is an important difference between this example and the previous one, 
namely the fact that in T-Lilb^ arrows are uniquely determined by their image in 
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(ArtA). This means that the associated pseudo-functor of Tiilb^ — > (ArtA)°P is 
actually a functor, and our fibered category is fibered in sets. 

We will see later on that this is equivalent to saying that our deformation problem 



has no non-trivial infinitesimal automorphisms (see Proposition 4.9). 

The notation Hilb comes from the fact that the deformation category is the 
category fibered in sets associated with the Hilbert functor, if the ambient scheme 
X is quasi-projective over A. 

Proposition 2.36. The category fibered in groupoids T-Lilb^ — > (ArtA)°P is a de- 
formation category. 



Exercise 2.37. Using Proposition 2.35 prove Proposition |2.36[ 



If Yq C ATq ~ X X Spec A Spec fc is a closed subscheme, objects of T-Lilby^ are often 
called embedded (infinitesimal) deformations of Iq. 



2.4.3. Quasi- coherent sheaves. For our last example, suppose we are given a quasi- 
coherent sheaf £q on a scheme X over k, and we want to consider families of 
quasi-coherent sheaves on X having a fiber over a rational point isomorphic to £0- 
Once again, we formulate the problem in terms of fibered categories. Given a 
scheme X over A, we construct the category QCoh^ as follows: 

Objects: pairs {A^£), where A G (ArtA) and £ is a quasi-coherent sheaf on 
Xa, fiat over A. 

Arrows: from {A,£) to {B,F) are pairs ((/5, /), with tp: S — > A a homomor- 
phism and / : £" ~ J- a an isomorphism of quasi-coherent sheaves on A^, 
where Ta is the pullback of T along the natural morphism Xa ^ Xg. 

Composition is defined as in the first example: given {ip, /) : {A, £) — > (B, F) and 
{tp,g): {B,F) — > (C, Q), their composite (V', g) ° (<p, /) is (p, h), where p: C Ais 
the usual composite f o and if we denote by gA ■ J^a — {Gb)a the isomorphism 
induced by 17: ~ C/s by base change, then h: £ :^ Qa is given by 

£ (^s)a — Qa 

where the last isomorphism is the canonical one. 

As before we have a forgetful functor QCoh^ — > (ArtA)°'^, and by our definition 
of arrows and properties of the pullback of quasi-coherent sheaves, we can use 



Proposition 2.14 and so QCoh^ — > (ArtA)°P is a category fibered in groupoids. 



Proposition 2.38. The category fibered in groupoi ds QCoh^ ^ (ArtA)°P is a 
deformation category. 



Exercise 2.39. Prove Proposition 2.38 



3. Tangent space 

This section is devoted to the introduction and study of the tangent space of a 
deformation category. This concept generalizes the corresponding ones for schemes 
and deformation functors. 

After defining the tangent space and discussing its action on isomorphism classes 
of liftings, we will calculate it in our three main examples, and give an application 
to deformations of smooth hypersurfaces in P^. 
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3.1. Definition. Let T — > (ArtA)°P be a deformation category and suppose G 
J-{k). We start by defining the tangent space as a set. 

Definition 3.1. The tangent space of T at is the set 

T^gJ- = {isomorphism classes of objects in ^^^^(^[e])} . 

Now we want to justify the name of tangent space, showing that there is a 
canonical structure of /c- vector space on T^gJ^- To do so, we consider the functor 
F: (FVectfc) — > (Set) defined as follows: given a G (FVectfc), we take the trivial 
A-algebra k(BV (where we recall that multiplication is defined by {x,v){y,w) — 
{xy,xw + yv)) and associate with V the set 

F{V) = {isomorphism classes of object in J-^o{k © V)} . 

li V —i' W is a. fc-linear map, we get a homomorphism k (B V fc © W, and by 
pullback (in the fibcrcd category T^g) an arrow F{V) -> F{W). Clearly F{k) — 

Now we notice that F has a hfting F: (FVectfe) — > (Vect^) to the category of 
fc-vector spaces, so that each F{V) (in particular F{k) — T^gJ-) will have a natural 
structure of fc-vector space. As shown in Appendi x [A] to show this it suffices to 
check that F preserves finite products (Definition |A.1[ ) . This follows easily from 
the fact that J^^„ — > (ArtA)°P satisfies RS, as stated in Proposition 



2.33 



Exercise 3.2. Check that F preserves finite products. 

We describe bricfiy the vector space structure that we obtain on each F{V): 
first of all F(0) has exactly one element, which is simply the isomorphism class of 
the identity — >■ Co in •^?o(^)- Moreover every V € (FVectfc) has a natural map 
— > F that induces F{0) F{V); the zero element of F{V) is then the image of 
this map. In our particular case this corresponds to the isomorphism class of the 
"trivial" pullback of along the inclusion homomorphism fc — > fc © y. 

Addition is defined by the composite 

F(+) 

FiV) X F{V) ~ F(y © V) — ^ F{V) 

where +: V S) V ^ V is the addition of V. Similarly multiplication by a G fc is 
simply F{^a) ■ F{V) — >■ F{y), where : V V is multiphcation by a. 
From now on we will consider _F as a functor (FVect^) — > (Vect^:). 

Remark 3.3. Suppose we have another object 770 G J'{k), such that there is an 
arrow /: Co ^ ^70 (which must be an isomorphism). It is clear then that / will 
induce a bijection T^^J- — T^igJ^ , which is an isomorphism of fc-vector spaces. 
So isomorphic objects over fc will have isomorphic tangent spaces. 

As discussed in Appendix [A| this canonical lifting (FVectfc) (Vectfc) is a fc- 
linear functor, so we can apply Proposition |A.6| and conclude that for every V £ 
(FVectfc) we have 

F{V)^V®kF{k)^V®kT^oF- 

Example 3.4. li F ^ (ArtA)°P is the category fibered in groupoids coming from 
a scheme X over A, then one sees easily that the tangent space T^qJ^ is the usual 
Zariski tangent space of X at the fc-rational point corresponding to Co G X{k). 

In particular if we have a (fine) moduli space M representing a functor F : (Sch5)°P 
(Set) (and so the corresponding deformation category satisfies RS over every point 
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of M), we can get informations on the tangent space of M at a point m G M by 
studying that of the deformation category associated with F at the corresponding 
object over the residue field k{m). 

If a nioduh problem has only a coarse moduli space, sometimes we can get infor- 
mations about its dimension from the tangent spaces of the associated deformation 
categories. More precisely, if — > (Schs) is a Deligne-Mumford stack with finite 
inertia, so that it has a coarse moduli space tt : — >■ _F, and it satisfies RS over a 
point ^0 '■ Spec k ^ F (i.e. it satisfies RS when restricted to (Artfc), and considering 
only deformations of ^o), then the dimension of F at the point Spec A: F \s (the 
dimension of the stack J- at the point ^Qj £^nd then) at most dim^ T^„J^. If moreover 



is smooth at the point then we have equality (see for example 6.42 1 



As expected, along with the concept of tangent space comes that of differential 
of a morphism. 

Let H : J- ^ Q he a morphism of deformation categories, and suppose G J-{k). 
Then we have an induced morphism H^^^ : J-^^ — > Gh(^q) defined in the obvious way. 
If we call F, G : (FVectfc) — )■ (Set) the two functors involved in the construction of 
the tangent spaces of at a-nd G at H{^o) respectively, -ff^^ will induce a natural 
transformation ip: F G. 

Since F and G are fc-linear functors, from Proposition |A.5| we see that (p is 
automatically fc-linear. In particular ip{k) : F{k) — > G{k) will be a fc-linear map. 

Definition 3.5. The differential of H at is the k-linear map 

Concretely, given a G T^qJ^ and an object f G J^ji3(A;[e]) in the isomorphism class 
a, the image d^„H{a) is the isomorphism class of i?(C) G 5_f/({o)(^[^])- 

As one expects the differential of the composite of two morphisms of deforma- 
tion categories is the composite of the differentials, as is very easy to see. More- 
over if a morphism H : !F ^ !F \s isomorphic to the identity, then the differential 
(I^qH : T(^oJ- — >■ Th(^o)-^ is an isomorphism. 

If in particular H : T ^ G is an equivalence, then di^gH: T^^J- — >■ Th((^o)G is an 
isomorphism too. This is because in this case H has a quasi-inverse K: G J', 
and the composites H o K and K o H are isomorphic to the identities; this implies 
that 

dHiio)K o d^„H: T^^F — > T^,T 

and 

d^^H o dH(^„)K: Th(^„)G — > Th(^„)G 
are isomorphisms, and so d^^H will be too. Here actually K{H{£^o)) needs only to be 



isomorphic to so we use the isomorphism of Remark 3.3 to identify Tx{H((,a))-^ 
and T(^gJ- in the composites above. 

3.2. Extensions of algebras and liftings. Now we pause shortly to state some 
standard facts about extensions of algebras that will be used very frequently from 
now on. 

Definition 3.6. Let A € (ArtA). An extension of A is a surjection A' A in 
(ArtA) with square-zero kernel I — kert^ C A'. We also say that A' A is an 
extension of A by I. 
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An extension as above is usually pictured as the exact sequence of A-modules 
/ A' ^ A ^ 0. 

In this situation / is an A-module in a natural way: given a & A and i & I we take 
an element a' G A' in the preimage of a and define a ■ i as a'i G I. This is well 
defined because P = (0). 

Example 3.7. If M is an A-module, there is a trivial extension of A by M, 
which we obtain by considering A © M as an i?-algebra by the trivial algebra 
structure mentioned in the introduction (the product is defined by (a, m){a', m') = 
{aa' , am' + a'm), so that in particular = (0)). The homomorphism A® M ^ A 
is the projection. 

In particular if ^ = is a field and M c^^ k, we obtain the fc-algebra ~ 
k ® ke, which is the usual ring of dual numbers k[e] (where e = [t]). 

The following fact will be used later. 

Proposition 3.8. Let A' ^ A be an extension in (ArtA) witfi kernel I, B a 
A-algebra, and f, g: B — >• A' two homomorphisms of A-algebras such that the 
composites with A' ^ A coincide. Then the difference f — g: B ^ I is a A- 
derivation. 

Conversely, if f: B ^ A' is a homomorphism of R-algebras and d: B ^ I is a 
A-derivation, then the map f + d: B ^ A! is a homomorphism of R-algebras such 

that the composite with A' ^ A coincides with B ^ A' ^ A. 
The proof is easy and left to the reader. 

Suppose that we have two extensions of i?-algcbras A' ^ A and B' ^ B, with 
kernels / and J respectively, and a homomorphism of i?- algebras ^p: A' ^ B' , such 
that (p{T) C J. Then ip will induce Tp: A^ B and ip\i: I ^ J, which fit together 
with in a commutative diagram. 

Definition 3.9. A homomorphism between two extensions of R-algebras A' 
A and B' ^ B with kernels I and J respectively is a triplet of homomorphisms 
(/, g, h), where f : J — >■ J,g: A' ^ B',h: A ^ B, such that the diagram 

^ / ^ A' ^ A ^ 

f 9 h 

Y Y 

^ J ^ B' ^ B ^ 

is comm,utative. 

So a homomorphism (p as above induces a morphism {(p\i, (p, ^) between the two 
extensions. 

Definition 3.10. A splitting of an extension of R-algebras A' ^ A is a homo- 
morphism of R-algebras ip: A ^ A' such that the composite A ^ A' ^ A is the 
identity. 

Standard arguments show that an extension admits a splitting if and only if it 
is isomorphic to a trivial extension. 

The following type of extensions will play a particularly important role. 
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Definition 3.11. An extension A' ^ A in (ArtA) is said to be small if the kernel 
I is annihilated by the maximal ideal xixa' , so that it is naturally a k-vector space. 

A small extension is called tiny if I c^i k as a k-vector space, or equivalently if I 
is principal and nonzero. 

Proposition 3.12. A surjection A' A in (ArtA) can be factored as a composite 
of tiny extensions 

A' = Aq ^ Ai ^ > An = A. 

Exercise 3.13. Prove Proposition |3.12| 

Now we come to liftings of objects of a deformation category. The idea is that 
if we want to study the deformations over A e (ArtA) of a given object over fc, we 
should do this inductively using the factorization of the surjection A ^ k given by 
the preceding Proposition to reduce to the case of small extensions. 

Definition 3.14. Let T — >■ (ArtA)°'' be a deformation category, ip: A! — > A a 
surjection in (ArtA), cind ^ € J^{A). A lifting of ^ to A' is an arrow ^ — > ^' over ip. 

Equivalently, a lifting of ^ to A' is an object ^' G ^{A') together with an isomor- 
phism of its pullback f *{£,') with ^ in J- [A). Sometimes we will refer to a lifting 
only by means of the object ^' over A' , leaving the arrow from ^ understood. 

Generalizing the construction of the category J-j^ , it is easy to see that given (p 
and ^ as above, the Hftings of ^ to A' are the objects of a category £if{S^,A'), in 
which arrows from f ■ ^ ^ to g: £, ^ ^" are arrows /i : ^' — ?> ^" of J^{A) such that 
ho f = g. We will call Lif(^, A') the set of isomorphism classes of liftings of f to 
A'. 

Both £if{£^,A') and Lif(^, A') clearly depend also on the homomorphism A' — >■ 
A, but we will not specify it in the notation, since it will always be clear from the 
context which homomorphism we are considering. 

In the following we will make some constructions starting with an isomorphism 
class [^'] of a lifting and possibly pick one of its elements in the process, without 
mentioning that the final result will not depend on this choice (because we will be 
often taking isomorphism classes again in the end). 

In particular if we have an element a £ I (g)k T^gJ', we will also write a for an 
object of J^Jq {k /) belonging to the isomorphism class a. 

3.3. Actions on liftings. The tangent space gives some control on the set of iso- 
morphism classes of liftings of objects of along small extensions, as the following 
Theorem shows. 

Theorem 3.15. Let T — > (ArtA)°P be a deformation category. A' A a small 
extension with kernel I, and take S,a G ^{k), G •F£,q{A). If Lif(^, A') is not empty, 
then there is a free and transitive action of I ®k T^o-^ '^^ 

Proof. Let ^ — ■Ji and C ~^ two liftings of ^ to A' , and notice that together 

they give an object of the category J-{A') Xjr(A) -^(^')- By RS, they give rise to a 
lifting ^ {£,[,£,'2} of ^ to the fibered product A' XaA', and this construction gives 
a bijection between pairs of isomorphism classes of liftings of £ to A' and liftings of 
i to A' Xa A'. 

We have an isomorphism of rings /: A' Xa A' :^ A' (B I given by f{ai,a2) = 
(oi, 02 — ai), which commutes with the projections on the first factor A' . Moreover, 
if we call n: A k the quotient map, there is an isomorphism A'(Bl — A'xj^k®!, 
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defined by (a, v) i-> (a, 7r(a) v), which also commutes with the projections on the 
first factor, and so as before we have a bijection between the isomorphism classes 
of liftings of ^ to A' © / and pairs of isomorphism classes of liftings of ^ to A' and 
of $0 to fc ® /. 

This gives a bijection <i>, defined as the composite 

Lif (e, A') X Lif (e, A') ^ Lif (e, A') X Lif (Co, fc ® /) ~ Lif (e, A') x (/ ®fe T^„jr) . 

By construction if tti : Lif(^,A') x Lif(^,A') — Lif(^,A') is the projection to the 
first factor, then tti o is also the projection to the first factor Lif(^, A') x {I 
T^aJ^) — >■ Lif(^,yl'). Let us consider now the function 

^ = ^2 o : Lif (e. A') X (/ ®fe r^„^) ^ Lif (e, A') 

where 7r2 : Lif (Cj A') x Lif (^, A') Lif (^, A') is the projection on the second factor. 
It is easy to check that fi gives an action of / (8)fc 2^0-^ on Lif(f , A') (we leave the 
details to the reader), and this is free and transitive since $ is bijective. □ 

Remark 3.16. From now on we will drop the notation /i : Lif (^, A') x (/(gj^T^^ J^) — > 
Lif(^, A') for the action, and we will simply write it by addition, as ([C]: <?) [C] +5- 
Furthermore, if [i^'], [^"] are two isomorphism classes of liftings of ^ G J^^g{A) to 
A' , where A' — > A is a small extension with kernel /, we will denote by [£,'] — [£,"] 
the element g e I (E)k T^qJ^ such that [£,"] + g ^ [£,']. 

The following corollary is a straightforward application of Proposition [3T5| easily 
proved using |3.12| and induction. 

Corollary 3.17. Let T — > (ArtA)°P he a deformation category, and S T{k). 
If T^gJ- = 0, then there is at most one isomorphism class in J-^g{A), for every 
Ae [Art a). 

This action has two natural functoriality properties, which wc now discuss. The 
first one is functoriality with respect to the small extension. Let — ^ (ArtA)°'' be 
a deformation category, and A' ^ A, B' ^ B two small extensions, with kernels 
I C A' and J C B' . Suppose we also have a homomorphism tp: A' ^ B' such that 
^ J, and thus inducing ^: A B and ip\i : I ^ J. In other words, we have 
a homomorphism of extensions 




Let us also have G £, G and assume Lif(^,A') is nonempty (so 

that Lif (^^ (^), i?') is nonempty). We have a /c-linear map 

ip\ I (g) id: Kg) k T^oT — > J (g)k 7$,, J" 

(which corresponds to the puUback function Lif (^Oi fc ® /) — Lif (^Oj k(B J) induced 
by idQiysj/), and a pullback function on isomorphism classes of liftings 

cp,: Ufi^,A')^UH^Ji),B'). 
Proposition 3.18. We have 

for every a G I (gk J" and [^'] £ Lif(^, A'). 
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Using the notation of Remark 3.16 we can equivalently say that if [£_'], [^"] S 
Lif(^,A') we have 

Example 3.19. Suppose that T — ?> (ArtA)°P is a deformation category and i^o G 
T{k). Set T T^gT. Consider Hftings of to artinian A-algebras of the form 
k(BV , where ^ is a finite-dimensional fc- vector space. There is a trivial lifting ^q^, 
coming from functoriality from the homomorphism k k®V . From Theorem |3.15| 
we see that Lif(^o: k®V) is in bijective correspondence with V ®k T, by applying 
each element of V" T to ^(^. 

In particular, when V = we have a bijective correspondence of Lif (^Qj fc©r^) 
with T; we denote by ^^^^ a lifting of that corresponds to the identity in 

T"^ 'S'k T — Homfc (T,T). This ^^^-^ is unique up to (a non unique) isomorphism; we 
call it the universal first order lifting of ^o- 

This name is justified by the following universal property: for each lifting ^ of 
^0 to an artinian fc- algebra of the form k (BV , then there exists a unique fc- linear 
homomorphism — > V , such that the corresponding homomorphism of A-algebras 
k © k(BV sends into a lifting of isomorphic to ^. This follows easily 

from functoriality. 

The second one is functoriality with respect to the deformation category. Let 
F — > (ArtA)°P and Q (ArtA)°P be two deformation categories with a morphism 
F: T ^ A' ^ A & small extension with kernel /, and let S F{k), ^ G F^g{A). 
Assume also that Lif{^,A') is nonempty (so that Lif{F^g{^), A') is also nonempty). 

There is a fc-linear map 

id®d^„F: I(g,kT^^,F I(g>kTF^^„)g 
induced by the differential d^^F: T^^F — > Tp^^^j-jCJ, and we still denote by 

F: Lif(^,A')-^Lif(F(0,A') 
the induced function on isomorphism classes of liftings. 
Proposition 3.20. We have 

F([a+a)=F([a) + (id®%,F)(a) 
for every a ^ I ®k T^„F and [^'] G Lif A') . 



As before we can reformulate this result using the notation of Remark 3.16 and 
obtain 

m')]-m")])^{id®d^.Fm']-[e]) 

for every [C],W'] eLif(e,A'). 

The proofs of the last two Propositions are a simple matter of drawing diagrams 
and chasing puUbacks. 

Exercise 3.21. Prove Propositions [3T8| and [X20l 

There is a generalization of the previous constructions, which we will need later to 
state the Ran-Kawamata Theorem about vanishing of obstructions (Theorem 5.9). 
Given A e (ArtA), ^ e F{A), we consider the liftings of ^ to trivial A-algebras AQ)M 
where M e (FMod^) (and the homomorphism A(B M A is the projection). 

We have a functor F^ : (FMod^i) (Set) defined on objects by 

F^{M) — {isomorphism classes of liftings of ^ to A (B M} 
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and sending an ^-linear map M — > N into the puUback funetion F(^{M) — > F^{N). 

Since F (ArtA)°P satisfies RS, one can readily show that the functor F^^ 
preserves finite products, and so by Proposition |A.3| it has a canonical lifting 
(FModA) — ^ (Modyi), which we still call F^. Unlike the case A = k, in the present 
situation the functor F^ need not be exact. Nevertheless, one can easily prove using 
RS that it is half-exact, that is, if 

^ M' ^ M ^ M" ^ 

is an exact sequence of finitely generated A-modules, then the sequence 

F^{M') ^ F^{M) ^ F^(M") 

is exact. 

The following Proposition can be proved in the exact same way as Theorem |3.15| 

Proposition 3.22. If A' ^ A is a surjection in (ArtA) with kernel I such that 
~ (0) (so that I is an A-module) , and ^ G then Lif (^, A') is either empty, 

or there is a free and transitive action of F^ (/) on it. 

3.4. Examples. Now we calculate the tangent space in each of the examples intro- 
duced in Section [2] and give an application to infinitesimal deformations of smooth 
hypersurfaces in P|J. 

3.4.1. Schemes. We first consider the deformation category Vef (ArtA)°P cor- 
responding to deformations of schemes. 

Theorem 3.23. Let Xq be a reduced and generically smooth scheme of finite type 
over k. There is an isomorphism (sometimes called the Kodaira-Spencer corre- 
spondence) 

TxoI?e/^Ext^^jr!xo,Oxo). 

Proof. Call F: (FVect^) (Set) the functor defined on objects by 

F(V) — {isomorphism classes of objects in Vefxoik © V)} 

and that sends a fc-linear map V W into the puUback function F{V) — > F{W). 
We need to construct a functorial bijection 

F{V)^V^k Exti,^^^(r!xo,Oxo) 

that will give a fc-linear natural isomorphism between the functors F and — <Sik 
Extjj^^ (r^Xo 7 C'xo)j so in particular we will get an isomorphism 

Tx.Vef = Fik) Ext^^^ {i^Xo,Oxo) • 

We sketch briefly the main steps of the construction. 
First of all we define a function 

>fiv- F{V) ^V<^k Ext^^^ {nxo , Oxo ) • 

Take an object X G Vefxa {k(£iV), which is a flat scheme of finite type over k®V 
with an isomorphism 

X X Spec k(sv Spec k~ Xq 
(in particular Ox ®k®v k ~ Cxo)? ^nd consider the conormal sequence of Xq C X 

V ®k Oxo ^Ix \xo ^ ^Xo ^ 
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where d is the homomorphism induced by the universal derivation Ox , and 

we identify V (E)k Cxo with the sheaf of ideals of Xq in X. Using the fact that Xq 
is generically smooth and reduced one sees that in this case d is injective, and so 
we have an exact sequence of Ojcq -modules 

^V(E)k Oxo ^^x\x„ ^^Xo ^0 

whose isomorphism class in an clement of V ®k Ext^^ {^Xm C'jfo)- is also clear 
that isomorphic objects oiVefxaik^BV) will give isomorphic extensions, and so we 
have our function 

: F{V) ^ y 0fc Ext^^^ {^Xo,Ox,) ■ 
Now we construct a function 

■■ V ®k Exfi,^^ {nx„Ox,) ^ F{V) 

in the other direction. We start then with an element of Ext^^ (^Jfo' ^ ®k Oxq), 
represented by an extension 

^ V (E)k Oxo ^ E — ^ ^xo ^ 

of CjCo -modules. We define then a sheaf 0{E) on \X\ by 
0{E) = Oxo xox, ECOxo(BE 

where the morphism Oxq ~^ ^Xo is the universal derivation do. 

This is a priori only a sheaf of fc-vector spaces, but one can see that 0{E) has 
a natural structure of sheaf of (flat) k ® V-algcbras. Moreover its stalks are local 
rings, so that X{E) = {\Xi^\,0{E)) is a locally ringed space, and it is a scheme 
(flat over ® F), because \i U = Spec A is an open affine subscheme of Xq, then 
{u,0{E)\u) is isomorphic to Spec(^ Xo^ E{U)). 

We note now that X(E) Xspccfeey Specfc ^ Xq, and that this construction is 
independent (up to isomorphism) of the representative chosen for the element of 
Ext^^^ {Vlxa,V (g)fe Oxo), so we get a function 

V'y : F 0fe ExtJ,^^ {^Ixo ,Oxo)^ F{V) . 

To complete the proof, we leave it to the reader to check that ^py and ifjv are 
inverse to each other, and that ipv is functorial in V, or in other words, given a 
fc-linear map / : V — ^ W, the diagram 



F{V) V ®k Ext^„ (Oxo, Oxo) 



(ide/). 



F{W) W ®k Ext^^^ {^xo , Ox, ) 

is commutative. □ 

Given ^ G !F^„{k\e\), the element of Ext^^^ (^J^oi Oxa) associated with ^ is some- 
times called its Kodaira-Spencer class, from the names of the two mathematicians 
who first studied the deformation theory of complex manifolds. 
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Remark 3.24. If Xq is also smooth over fc, then the tangent space Tx„'Def is 
isomorphic to Ext^^ {nxa,Oxo) — H^(^Oj2xo); where Txa = ^'x,, is the tangent 
sheaf of Xq . 

In particular we see that every first-order deformation of a smooth and affine 
variety Xo is trivial, because in this case H^(Xo,Txo) vanishes. So smooth affine 
varieties are rigid, in the sense that they do not have any non-trivial first-order 
deformation. 

In the general case, in which Xq is not necessarily reduced and generically 
smooth, one has to resort to the cotangent complex Lxf,/k associated with the 
structure morphism Xq — ^ Spec A:; the general result, which can be found in [11171 [ 
III, 2.1.7], states that there is a canonical isomorphism 

Tx.VeJ c^¥.^t\,^^{Lxju,Oxo)- 

This implies Theorem |3.23[ since if Xo is reduced and generically smooth the cotan- 
gent complex is the sheaf ilxa ■ 

Exercise 3.25. A simple example in which one can calculate the Kodaira-Spencer 
correspondence explicitly is that of hypersurfaces in A)!. Take a hypersurface Xq — 
SpecA C A^, where A — k[xi, . . . ,x„]/(/). 

(i) Show that Ext^^^ (l^^o , Oxo ) - k[xi, . . . ,Xn]/ {f .df / dxi, . . . ,df / dxn). 

(ii) Show that if X e Vefxo{k[e]), then X ~ Spec(/c[e][a;i, . . . , a;„]/(/ + eg)) for 
some g £ k[xi, . . . , a;„]. 

(iii) Show that the Kodaira-Spencer class of X in Txa'Def ~ Ext^^^ (fijcn , O^o) 
is the class of g in k[xi, . . . , x„]/ (/, df/dxi, . . . , df/dxn)- 

3.4.2. Smooth varieties. Now suppose Xq is a smooth variety over k. We describe 
the isomorphism 

Tx.Vef Extl,,^jnx„,Ox„) ^ il^XQ,Tx,) 

in a more explicit way, using Cech cohomology. 

Consider an object X S Vefxg {k[e]) and take an open affine cover U = {Ui}i^j of 



Xq. Because of Remark 3.24 the induced deformation X\ij. of Ui is trivial for every 



index i, and from this we get a collection {0i}i£i of isomorphisms of deformations 

0i - Ui xgpccfc Specfc[e] X\u. . 



Now set 9ij = (Oiluij)^^ ° (^il(7ij)i the 9ij are automorphisms of the trivial defor- 
mations Uij Xgpocfc Specfc[e] that restrict to the identity on the closed fiber Uij. 

Now we need to use results from Section [4j Precisely, it follows from Proposi- 
tion 4.10 that there is an isomorphism between the group of automorphisms of the 
deformation Uij Xspecfe Specfc[e] of Uij that induce the identity on the closed fiber, 
and the group DevkiBij, Bij) — T{Uij,Txg), where Uij — Speci?^. 

Using this, for each 9ij we get an associated element dij £ r([/y , Txp). Further- 
more, on Uijk we have for each triplet of indices the cocycle condition 

dij ° djk = dik 

on automorphisms, which translates into the relation dij + djk — dik = 0. This in 
turn says that the family {dyjije/ is a Cech 1-cocycle for Tx,,, and so defines an 
element oiH\U,Tx,) =^ YI\Xq,Tx,). 
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We it leave to the reader to check that this element does not depend on the open 
afhne cover lA^ and that isomorphic deformations give the same cohomology class. 
One can also c heck that this construction gives the same element one gets by using 
Theorem 3.23 and the canonical isomorphism Ext^^ {^Xqt^Xo) — H^(Xo,rxo)- 

The inverse function is defined as follows: given an element of Y{^{Xq,Txq), we 
can represent it as a 1-cocycle {rfijIzjG/ for some open affine cover U — {t/ijig/ 
of Xq. The dij correspond to automorphisms of the trivial deformation Uij Xgpecfc 
Specfc[e], and the cocycle condition says exactly that these automorphisms can 
be used to glue the schemes Ui Xspccfe Spec A: [e] along the subschemes Uij Xspecfe 
Specfc[e], to get a flat scheme X over k[e]. It is easy to see that this construction 
does not depend (up to isomorphism) on the affine cover, and on the cocycle we 
choose in the cohomology class. Finally it is clear that the two constructions are 
inverse to each other, so we have the bijection above. 



3.4.3. Closed subschemes. Next we consider the case of deformations of closed sub- 
schemes. Given an object of Hilb'^{k), i.e. a closed subscheme Zq C X^ — 
X X Spec A Specfc, call Iq the ideal sheaf of Zq in Xg, and consider the normal 
sheaf A/'o = Hom{Io/I^, OzJ. 

Theorem 3.26. There is an isomorphism 

Tz„mib^ ~ HO(Zo, AAo) = Homo,^ (lo/ll Oz„) ■ 

Proof. We consider the functor F: (FVectfc) -> (Set) defined on objects by 

F{V) = {objects in nilb^^{k © V)} 

and sending a fc-linear map V into the associated puUback function F{V) 

F{W). We will construct a functorial bijection 

F(y)~y®feHomo^^(/o,Oz„) 

that will give a /c-linear natural transformation, and in particular an isomorphism 

Tz„H^^6^ = F{k) ~ Homo,J/o,Ozo) 

(notice that Homoxo (^, C'zo) - Homo^^ {Iq / , O z,,)) ■ 
Let us define a function 

(^y : F(-t^) ^ y ®fe Homo^^ (/o, Ozo) • 

Take an object Z E mib'^^{k V), that is, a closed subscheme Z C Xy, where 
Xv = Xq X Spec f. Spec(fc © V) is the trivial deformation of Xq over k®V, which is 
fiat over k (BV, and whose restriction to Xq is Zq; call / C Ox^ its sheaf of ideals. 
By tensoring the exact sequence of fc © F-modules 

^k®V ^k ^0 

with Oz and Oxy i ^^id 



^ / ^ Ojfv ^ Oz ^ 
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with fc, we get a commutative diagram of "Modules 
(3.27) 



I ^ Iq ^ 



^V(g>k Ox„ ^Ox^^^Oxo -0 



^ V ®fe Oz„ 



Pz 



la 

Zo ^0 



with exact rows and cohimns (by flatness). Since 



O 



O 



Xn 



as an O^g-module, the map px has an Oxo'li^sar section, which we call a, simply 
defined by a{s) — (s,0), where s is a section of Oxo- 
The composite 

f:Io^Oxo^Ox^^Oz 
factors through V (8)fe Ozg ^ Oz, so we have an Oxo-linear morphism /o — > (8"^ 
Ozo 7 which is then an element of Homo^^ {Io,V(>^k Ozo ) — V^k Homo^^ (/q , ) . 
This gives us a function 

F{V) ^V(g>k Homo,„ (/o, Ozo) 

that we call ipv- 

Now we define a function in the other direction. Take a homomorphism of Ox^- 
modules / : Iq ^ V (S)k Oza , and consider the subsheaf // of Ox^ — © (^ ®fc 
Oxa) given on an open subset U of \Xv\ by 

IfiU) = {{s,t) e Ox^-iU): s e Io{U) C OxoiU) and f{s) + (id®go)(0 - 0} . 

where qo : Oxq ^ Oza is the quotient map. 

It is easy to check that /y is a coherent sheaf of ideals of Oxv i s-^id so it defines 
a closed subscheme of Xy that we call C Xy- Furthermore we have that 

Zf xspccfcffiv Specfc C Xv xspccfeey Specfc ~ Xq 
is the closed subscheme Zo and Zf is flat over k (BV . We only check the last 



assertion in detail: using the local flatness criterion (Theorem C.4|, we have to 
show that TorJ®^(C'z, fc) = 0. 

We have an exact sequence of O^v'^^o^ules 







O 



Xv 







from which, taking the Tor exact sequence (tensoring with fc), we get 



Tor 



{Oxv , fc) TorJ®^(Oz, fc) h ®k®v 



k 



O 



Xo 
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Since Xy is fiat over fc ® ^ we have Tot:\®'^ {Oxy ^k) = 0, so we only need to sliow 
that the map // (^kev k ^ lo is injective, and this is clear. 

This gives us a function 

llomo^^{Io,OzJ-^F{V) 

that we call ipv- 

To conclude the proof, easy verifications show that ipv and Vy are inverse to 
each other, and that is functorial in V (the reader can check the details). □ 

3.4.4. Smooth hypersurfaces in . We give an application of the previous construc- 
tions to deformations of smooth hypersurfaces of P£. Take A = fc, and suppose we 
have a smooth hypersurface Zq C of degree d, with n > 2, d > 1. 

We can ask the following question: given a deformation Z of Zq over Spec^, 
where A e (Art^), can we find a closed immersion Z CFj^ that extends Zq C P^? 
Or more concisely: is every infinitesimal deformation of Zq embedded? 

We can rephrase this question by using the forgetful morphism F : Hilb^'' — > T>ef 
that sends an object F C P^ of Hilb^'' {A) into the flat morphism Y — >• Spec A, 
which is an object of Vef{A), and acts on the arrows in the obvious way. The 
question above reads: is F (restricted to deformations of Zq) essentially surjective? 

We can consider first the case of deformations over algebras of the form k®V iov 
V e (FVectfe). The existence of an immersion as above for every deformation of Zq 
over every k(BV is equivalent to the surjectivity of the differential of the forgetful 
morphism at Zq 

dz,F: B.°{Zo,Mo) ll\Zo,Tz,), 

since Hilb^zl ik®V) c=^V iS>k Tzo'Hill/''^ and analogously for Vef. 
Now notice that the conormal sequence 

— ^ Io/Iq — ^ \zo — ^ — > 

induced by the closed immersion Zq C P^ (with sheaf of ideals /q) is also exact on 
the left (since Zq is smooth), and dualizing it we get the exact sequence 

> Tz„ > Txolzo ^^fo ^ 0. 

Taking cohomology we get a coboundary map 6: H'^(Zo,A/o) — >■ H^(Zo,Tzo). 

Exercise 3.28. Show that the differential dz^F of the forgetful morphism coincides 
with the map 6. 

Now we can study the surjectivity of the map 5, using standard cohomology 
calculations. 

Proposition 3.29. The map S is surjective exactly in the following cases: 

• n = 2,d<4. 

• n = 3, d^A. 

• n > 4, any d. 

Remark 3.30. Of course, from a more advanced point of view than the one we are 
assuming in these notes, the exceptions n = 2, d > 5 and n = 3, d = 4 are easily 
justified. 

In the first case we are dealing with curves of genus g = {d — l){d — 2)/2 > 6; 
these curves have a moduli space of dimension 3^ — 3, while plane curves form a 
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locally closed subspace of dimension (rf^ +3d— 16)/2, which is smaller; thus a plane 
curve will have non-plane deformations. 

Quartics in P^, on the other hand, are K3 surfaces, which are well known to 
have a 20-dimensional deformation space, while the ones who are algebraic of fixed 
genus only form an 19-dimensional family. 



Proof. We start with a piece of the cohomology exact sequence 



(3.31) 



HO (Zo , AAo) ^ Hi (^0 , Tz J ^ Hi (Zo , Tp; 



■Hi(Zo,AAo) 



induced by the dual of the conormal sequence of Zq C PJJ . 
The first step is to prove 

Lemma 3.32. coker((5) ~ R'^{Pl,Tp'.{-d)) . 

Proof. First, we notice that Hi(Zo,A/'o) = 0. This is because Ao — Ozo{d) (since 
lo ~ Op^{-d)), and Hi(P^, Op^ (d)) = Il^{F^,Or^) = 0, so from the cohomology 
exact sequence induced by 







■OzM 



■0 



where / is an equation for Zq, we get Hi(Zo,A/'o) = Hi(P^',A/'o) = (because A/q 
has support contained in Zq). 



From (3.31) we deduce then that coker((5) ~ ll^{Zo,Tp^\zo), which is the same 
Hi(P^, Tpn \zo), again because Tpnl^o has support contained in Zq. 
Tensoring the exact sequence 







OrA-d) 



■O2 



with Tpn we get 
(3.33) 



-TrA-d) 



■ Tw 



Now we notice that H*(P^,Tpn) = for i > 1: this follows from W{¥)^,Or^) = 
H*(P^, Opr. (1)) = 0, using the cohomology exact sequence coming from the dual of 
the Euler sequence 







■Op 



.e)p„(i)®("+i) 



•0. 



From (3.33) we get an isomorphism 
ii\Fl,Tp.\z 



H2(P^,Tp.(-d)). 



□ 



To understand H^(P5J, Tp" (— d)), we consider the exact sequence 







,Op„(_d) ^Op,.(l-d)©(«+i) 



■TpA-d) 



•0 



obtained by twisting the dual of the Euler sequence by Or'^{—d), and the following 
piece of its cohomology exact sequence 



(3.34) H2(P^,Op.(-d)) 




kM-d)) 



H3(P^,Op„(-d)) ^ H3(P^,Op„(l - d))"+i 
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Now suppose n > 4. In this case we have 

H2(P^,Op-.(1 - = H'^(P^,Opn(-d)) = 



and then from (3.34) we obtain coker((5) ~ R^{¥'^,Tr^{-d)) = 0, so that S is 

surjective. 

Now take n = 2. Then we have H^(P^,, Op2 (-d)) = and so again from (|3.34|) 
we get 

H2(p2,Tp|M)) ^coker (u^FlOni-d)) ^ R^PI 0^2(1 - d))' 
where the map (f is induced by 



OM-d) OMi-d)' 



B3 




where the homogeneous coordinates on P^ (seen as sections of the sheaf 

Of,2 (1) of course). 

By Serre's duaUty we see that R'^{Pl,Op2{-d)) ~ R°{Pl,Op2^{d ~ 3)^ and 
H2(p2, Or2 (1 - d)) ~ H0(P2, Op2 (d - 4))^, and the adjoint map 

H°(P^., 0^2 {d 4)f ^ H"(Pl, Oriid - 3)) 

is given by scalar multiphcation by the vector (xq, xi,X2). 

Now coker ip ~ ker ip'^ . If c? < 3 the source of ip'^ is trivial, so certainly ker ip'^ = 0. 
If cZ = 4, we have H°(P^, Op2{d — 4)) ~ k, and the map ip'^ is injective, because the 
sections xq, Xi, X2 are linearly independent over Op2 , so that 5 is surjective. On the 

k 

other hand when d > 5 clearly ip'^ is it not injective anymore, and so 6 will not be 
surjective. 



Now suppose that n = 3. Then R^{Pl,Op2{-d)) = 0, and using (3.341 once 
again we get 

U^iPl,Tp2{~d)) ^ ker (R'{PlOps{-d)) ^ H3(P|,Op3(l - d))^) 

where ip is the analogue of the one we had in the preceding case. Again using Serre's 
duality we have to study 

coker(H"(P|, Op.{d - 5))^ ^ H"(P|, Ops {d ~ 4))) . 

If d < 3 the target is trivial, so that certainly coker(iy9^) = 0, and if d > 5 the 
map ip'^ is surjective, because every homogeneous polynomial of positive degree in 
variables Xo,Xi,X2,X3 can be written as a linear combination of the variables x^'s, 
with homogeneous polynomials of one degree less as coefficients. In these cases then 
S will be surjective. 

The only case in which (p^^ is not surjective (and so 6 will not be too) is d = 4, 
when the source is trivial and the target is not. □ 

We will examine the case n = 3, d = 4 further in Section [6j where it will give a 
counterexample to algebraizability of deformations of surfaces. 

Now we go back to answering the first question we posed. We use the following 
result, which will be proved in Section [5| page [53} 
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Proposition 3.35. // Zq is a smooth hypersurface of PJJ of degree d, with n > 1 
and d>l, any object Z C of'Hilh^^{A) can he lifted along any small extension 
A ^ A. 

We say that smooth hypersurfaces in have unobstructed embedded deforma- 
tions. 

Proposition 3.36. Let Zq be a smooth hypersurface of P^ of degree d > 1 and 
with n >2, and Z an object ofDefzaiA), where A € (Artfc). Then there is a closed 
immersion Z C P^ inducing Zq C P^' in all cases except n = 2, d > 5 and n = 3, 
d = A. 

In other words the forgetful morphism F : T-Lilb^^ — > T^^fzo is essentially surjec- 
tive exactly in the cases above. 

Proof. We already know from the preceding discussion that in cases n — 2, d > b 
and n = 3, d = 4 there are counterexamples. 

Suppose then that we are not in one of the cases above, and take the given 
Z € VefzaiA). We consider a factorization of the homomorphism A — )■ fc as a 
composite of small extensions 

A = Aq^ Ai^ ...^ An^k. 

and proceed by induction on n{A), the least n with such a factorization. 

If n{A) = there is nothing to prove. Suppose we know the result for n{A) — 1, 
and consider the extension A^ A\ with kernel /. The puUback Z\a^ £ VefzgiAi) 
of Z to Ai admits then a closed immersion Z\ai ^ P^ because of the induction 
hypothesis. 

From the discussion above we also know that the differential of the forgetful 
morphism dzgF: TzgHilb^'^ — > TzgT>ef is surjective, and in particular 

id(E)dzoF: I(E)k Tz^Uilb^^^ ^ I <E>k Tz.Vef 
will be surjective too. 



Because of Proposition 3.35 we can find a lifting Z' C P^ of Z\ai C P^^ to 
A\ both lj\i{Z\Ai,A) and Lif(Z^i ^ will then be nonempty, and by Theo- 

rem |3?T5] we have free and transitive actions on them, respectively of / 0^ Tzg'Def 



and / (g)k Tz^miV" . 

The object Z' e VefzaiA) is a lifting of Z\ai, as is Z, so by transitivity of the 
action we have an element g € I ®k Tzg'Def such that [Z'] + g = [Z]; take then 
h€l®k TzoT-iilh^'^ such that {i<l®dzoF)[h) = g. 

Then using Proposition |3.20"| we have 

F{{Z' C P^) + h) = {Z'\ + {:vA®dz,F)(h) = [Z'] +g= [Z] . 

In other words the object {Z' C P^) + /i is (after possibly composing with an 
isomorphism of schemes over Spec A) a closed immersion Z C P^ that induces 
Zq C P|J on the closed fiber, which is what we were looking for. □ 

The only things we really used in this proof were surjectivity of the differential 
and existence of liftings in the source deformation category. Every time these two 
facts hold in an abstract setting we can repeat the same argument to deduce that 
every object of the target deformation category is isomorphic to the image of an 
object of the source. 
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3.4.5. Quasi- coherent sheaves. Now suppose X is a scheme over Spec A, and con- 
sider the deformation category QCoh^ — (ArtA)°P of deformations of quasi-coher- 
ent sheaves on X. Let Eq £ QCoh^ [k). 

Proposition 3.37. There is an isomorphism 

Ts^QCoh'' c^Extlj^^iSo, So). 

Proof. Consider the functor F: (FVectfe) — ^ (Set) defined on objects by 

F{V) = {isomorphism classes of objects in QCoh^^{k © V)} 

and sending a /c-hnear map f : V ^ W into the corresponding pullback function 
F{V) — >■ F{W). We show that there is a functorial bijection 

F(y)~y®fcExt^^Jfo,fo) 

that will give as usual a fc-linear natural transformation, and in particular an iso- 
morphism 

Tfo 2Co/i^ = F(fc) ~ Ext^^^ (f 0, So) ■ 

To show this, the reader can check that the category QCohg^{k ® V) of quasi- 
coherent Oxv "Modules £ on Xy = Xo Xspocfc Spec A: ® V with an isomorphism 
£■ ®k®v fc ~ is equivalent to the category whose objects are extensions of quasi- 
coherent Oxo -modules 

^ V ®k £o ^ £ ^ £o ^ 

and arrows defined in the obvious way. This automatically gives us the bijection 
ipv we want by taking isomorphism classes. 

To conclude the proof, all is left is to show that ipy is functorial in V, which we 
leave to the reader as usual. □ 

In particular if £o is locally free, then we have 

Ts.QCoh'' ~ Ext^^Jfo,fo) - Hi(Xo,£ndo^J£o)) 
and moreover if £o is invcrtiblc, then £ndox„ i^o) — £o ®Oxo i^o)^ — Oxq, so that 

Ts.QCoh'' c^R\Xo,Oxo) 

which does not depend on £o. This particular case is more easily proved from the 
long cohomology sequence of the exact sequence of sheaves on Xo 

1 . V®,Ox, O^cv ^xo . 

4. Infinitesimal automorphisms 

In this section we introduce and discuss the so-called group (or space) of infin- 
itesimal automorphisms of a deformation category at an object G J^ik), which 
is a feature we see only if we use categories instead of functors. It is particularly 
significant in the context of algebraic stacks, where wether the objects have or do 
not have non-trivial infinitesimal automorphisms determines if the stack is an Artin 
or a Deligne-Mumford stack; this is because there are non-trivial infinitesimal au- 
tomorphisms if and only if the diagonal of the stack is ramified, and an algebraic 
stack is Deligne-Mumford if and only if its diagonal is unramified (see [LMBOOl 
Theoreme 8.1]). 
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We will see that this space gives a measure of the "rigidity" of a deformation 
problem, and tells us how far our deformation category is from its corresponding 
deformation functor. After the definition, we will examine some of its properties, 
and finally calculate it in some examples. 

4.1. The group of infinitesimal automorphisms. Suppose T (ArtA)°'' is a 
deformation category, and (^: A' -> v4 is a small extension. Fix ^ G and let 

^ G T{A!) be a lifting of ^ to A'. We denote by AutA(^) the set of automorphisms 
of the object ^ in the category J-"(j4), and analogously for Recall that (f> induces a 
pullback functor Lp.j, : T^A!) In particular we have a "restriction" function 

k\\\,A'{^) — > Autyi(^), which is a homomorphism of groups. 

Definition 4.1. An infinitesimal automorphism o/ ^ (with respect to ^) is an 
automorphism oj ^' in J-{A') in the kernel of the homomorphism above (in other 
words, inducing the identity on 

Infinitesimal automorphisms are automorphisms of ^' in the category of liftings 
of ^ over A' . They form a group, which we call the group of infinitesimal automor- 
phisms of ^' (with respect to ^). We will see that this group depends only on kenp 
and on the pullback of f to Spec k. 

We start by taking A — k, A' — k[e] in the situation above. Notice that if A is 
a /c-algebra we have a trivial deformation of over A, which we denote by ^o\a, 
given by the pullback of along the structure homomorphism k ^ A. 

Definition 4.2. The group of infinitesimal automorphisms o/i^o the group de- 
fined above, where we take ^ = G -^(^) ^^^d, ^' = $o|fc[c] G -^(^[f])- denote it 
&j/Inf(eo). 

When we need to specify the category J- in the notation, we will write Inf ( J-') 
instead of Inf(^o)- 

The group of infinitesimal automorphisms has also a canonical /c-vector space 
structure, coming from the fact that it is the tangent space of a deformation cate- 
gory. 

Consider the functor Aut(^o): (Art^) (Set) that sends an object A £ (Artfe) 
into Aut^(^o|yi), and an arrow A' ^ A into the function Aut^i' (^o|a') — ^ Autyi(^olA) 
introduced above. This functor gives a category fibered in sets over (Artfe)°P, and 
from the fact that satisfies RS (precisely from the "fully faithful" part), we get 
that Aut(^o) does too. 

Then we can consider the tangent space Tidj^ Aut(^o)j which, as a set, is easily 
seen to be exactly Inf(^o) defined above. 

Exercise 4.3. Prove that the addition coming from this vector space structure and 
the operation of composition of automorphisms coincide in Inf(^Q). In particular 
this will always be an abelian group with respect to composition. 

From the fact that Inf (^g) is the tangent space of a deformation category, using 
Theorem |3.15| we deduce the following corollary. 

Corollary 4.4. Let J- — )• (ArtA)°P be a deformation category, A' A a small 
extension with kernel I , and f € Aut(^o)idj (A); in other words f is an automor- 
phism o/^o|a that induces the identity on S.o- If Lif(/, A') is not empty, then there 
is a free and transitive action of I <S>k Inf(^o) on it. 
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Now we state the aforementioned formula for the group of infinitesimal auto- 
morphisms of an arbitrary object of J- . 

Proposition 4.5. Let T — > (ArtA)°P he a deformation category, A' ^ A a small 
extension with kernel I, G £, G J-^g{A) and ^' a lifting of £^ to A' . Then we 

have an isomorphism 

ker {KutA-iO ^ AutA(e)) ~ / ®fe Inf(eo) • 

Exercise 4.6. Prove Proposition |4.5[ {Sketch of proof : define a functor 

Aut(e'): (Art^O — > (Set) 

that generalizes Aut(^o) above, and show that the resulting category fibered in sets 
satisfies RS. Then notice that K — ker (Aut/i'(^') — > Aut^CO) is the set of liftings 
of id^ to A' in the category Aut(^'), and deduce that there is an isomorphism 
/ (8)fc Tidj^ Aut(C') ~ K. To conclude show that Tid^^ Aut(^') ~ Inf (^o)-) 

Remark 4.7. Suppose we have two liftings of ^ to A' , say ^1,^2 G F(^g{A'), and 
an isomorphism of liftings /: Ci ~^ ^2- Take an infinitesimal automorphism gi e 
Aut^/(^i) of ^1, and consider 52 = G Autyi/(^2), which is an infinitesimal 

automorphism of ^2- Then it is clear from the preceding construction that the 
elements of /(8)feInf(^o) corresponding to gi and g2 with respect to the isomorphism 
constructed above are the same. 

As an application of Proposition |4?5j a straightforward induction using Proposi- 
tion 



3.12 gives the following corollary. 



Corollary 4.8. Let T — > (ArtA)°'^ he a deformation category, and G J-{k). 
// Inf (^0) = 0, then for every A £ (ArtA) and ^ G T(^^^[A) the homomorphism 
Autyi(^) — > Autfe(^o) is injective. 

Furthermore we see that the group of infinitesimal automorphisms gives a mea- 
sure of the "rigidity" (in the sense of closeness to being a functor) of our deformation 
problem. 

Proposition 4.9. Let T (ArtA)°'^ he a deformation category and ^0 G J-{k). 
Then Inf(^o) = i/ and only if J-^g — > (ArtA)"^ is a category fihered in equivalence 
relations. 

Proof. Recall that a groupoid is an equivalence relation if and only if the only 
automorphisms are the identities. 



Suppose that Inf(^o) = 0, and consider the category T^^. By Corollary 4.8 
we have that for every A G (ArtA) and object ^0 — ^ C G J^^g{A), the induced 
homomorphism AutA(C) ~^ Autfc(^o) is injective, and in particular Autyi(^o — ^ 
(which is the preimage of id^^) has at most one element (it will have exactly one, 
namely idj). 

It follows that T^g{A) is an equivalence relation for every A G (ArtA), and so 
J^jo — > (ArtA)""^ is fibered in equivalence relations. The converse is trivial. □ 



4.2. Examples. Now we analyze the group of infinitesimal automorphisms in our 
three examples. 
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4.2.1. Schemes. Consider the category T>ef — ?> (ArtA)"^ of flat deformations of 
schemes, and Xq e 2?e/(fc). 

Proposition 4.10. We have an isomorphism 

Infxo(I?e/) ~ BeTkiOxo,Oxo) ^ Hom^^^ (f^Xo, ^Xo) ■ 

Proof. Wc have to understand the functor F : (FVectfe) — > (Set) that takes V G 
(FVectfc) to 

F{V) = ker(Autfeey(^o|fcffiv) — > Autfe(A:o)) 
where Xo|fe©y is the trivial deformation Xy — Xq xgpocfc Spec k(BV. In particular 
as topological spaces \Xv\ = \Xo\, and on the structure sheaves we have 

An element (p € Aut(Xo)(y) will clearly be the identity as a map between topolog- 
ical spaces, so we turn to the morphism (p^ : Oxv ~^ Oxy t^i^ structure sheaf, 
which is an automorphism of sheaves oi k ® V^-algebras inducing the identity on 
Ox,. 

Using the analogue of Proposition |3.8| for extensions of sheaves, with respect to 
the extension 

^ V ®k Ox, ^ Oxy ^ Ox, ^ 

we see that ip^ differs from the identity of Oxv by a derivation 

e ^cvk{Ox„V®k Ox,). 

Conversely every ip as above can be obtained in this way, and so for each V G 
(FVectfc) we get a bijection 

F{V) ~ J^evk[Ox„V (g>k Ox,) ^V(Sk BeTkiOx„Ox,) . 

These maps are also functorial in V (as is readily checked), so the corresponding 
natural transformation is fc-linear, and in particular we have an isomorphism 

Inf xo (Vef) = F(fc) ~ Der^ {Ox, ,Ox,). □ 

In particular if Xq is smooth the vector space }lo'nici^^ {Qx,iOx,) coincides 
with H°(A'o, Txo), so that infinitesimal automorphisms correspond to sections of 
the tangent sheaf, or vector fields, which is an old intuitive idea from differential 
geometry. 

Specializing further, if Xq is a smooth projective curve of genus g > 2, then it 
has no non-trivial infinitesimal automorphism. This reflects the fact that the stack 
Aig oi smooth curves of genus g > 2 is Deligne-Mumford (see the discussion at the 
very beginning of this section). 

4.2.2. Closed subschemes. Now we turn to deformations of closed subschcmcs. It 
was already mentioned that in this case the space of infinitesimal automorphisms 
is trivial. 

Proposition 4.11. Inizoi'Hilb''^) is trivial for every Zq G Hilb^{k). 

Proof. This is immediate from the fact that, for source and target fixed, the arrows 
in T-Lilb^ are uniquely determined by their image in (ArtA)°''. In particular an 
object of T-Lilb^ {k[e]) can only have one automorphism (because they map to the 
identity of k[e] in (ArtA)°''), which is the identity. □ 
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4.2.3. Quasi- coherent sheaves. Finally let us consider the infinitesimal automor- 
phisms oi £o G QCoh^{k) in the deformation category QCoh-^ — >■ (ArtA)°P. 

Proposition 4.12. We have an isomorphism 

lni£„{QCoh'^) ~ Homo^^ {Eo.Eo) 
Proof. We have to study the functor F : (FVectj.) (Set) defined by 

F{V) = ker(Autfcey(fi/) ^ knik{£o)) 
where, \iV £ (FVectfc), the sheaf Ey is the trivial lifting 

(where Try : Xq xgpccfe Spec k(BV ^ is the projection). 

Consider an automorphism tp: £o®{V ®k £o) £o®{V ®k £o) of Cjf,^ -modules 
that induces the identity on £q. Using k ® ^-linearity and = (0), we see that 
(p restricts to the identity on V (X)fc £o, and if we write (p{f) = / + G^{f) for a 
section / of the summand £o C Sy, then dp : £o ~^ V <^k £o a, homomorphism of 
Oxo-modules, and determines (p completely. 

Conversely, given an Oxo-modulc homomorphism G G Homo^^ {£o,y^k £o), we 
can define a homomorphism of Oxv^-niodules 

ipG-£o® {V (E)k £q) —^£o®{V (E)k £o) 

by faif + ct) — f + G{f) + a, where / is a section of £o and a one of V £o- 
Moreover ipc will be an automorphism, with inverse tp-c- 

These two correspondences are inverse to each other, so that for each V G 
(FVectfc) we have a bijection 

F{V) ~ Homo^^ {£o, V ^k £q) o^V<»k Homo^^^ {£o, £q) . 

These maps are easily seen to be functorial in V, so the resulting natural transfor- 
mation will be fc-linear, and we have an isomorphism 

Inf ( QCo/i^ ) ~ Homo^^ (^0,^0)- □ 
5. Obstructions 

The present section is about obstruction theories, which tell us whether we can 
lift a given object along a small extension or not. In opposition to tangent spaces 
and groups of infinitesimal automorphisms, which are canonically defined, there 
can well be more than one obstruction theory for a given problem, and the choice 
of a particular one is important in some cases. 

In particular we will focus on minimal obstruction spaces and their properties, 
and state a Theorem on the vanishing of obstructions that will be proved in Sec- 
tion [6j We will then show a particular obstruction theory for each one of our 
examples, and give a classical example of a variety over C with non-trivial obstruc- 
tions. 

5.1. Obstruction theories. Now we focus on the problem of existence of liftings. 
Given a deformation category T (ArtA)°P and a small extension A' — )■ A, with 
an object f S J^{A), we would like to have a procedure to decide whether there is 
a lifting of ^ to A'. 
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Definition 5.1. An obstruction theory for G ^{k) is a pair (VI,, u), where VJ^ is 
a k -vector space and uj is a function that assigns to every small extension A' ^ A 
with kernel I and every ^ € J-(^^^{A) an element 

called the obstruction to lifting ^ to A' , in such a way that: 

• a;(^, A') = if and only if there exists a lifting of £^ to A' . 

• We have the following functoriality property: if B' ^ B is another small 
extension with kernel J , ip: A' ^ B' is a homomorphism such that ip{I) C 
J , and ^: A B, ip\j : I J are the induced homomorphisms, then 

iip\i(g>id)iu:{^,A'))=L,i^Ji),B') eJ(g>kV^. 

The space V^^ called an obstruction space for ^q- If the association uj is identically 
zero (that is, every object can be lifted along any small extension), we say that 
(or the deformation problem associated with J^^^) is unobstructed; otherwise, we 
say it is obstructed. 

Example 5.2. If S ■^{k) has the property that any object of T restricting to 
on k can be lifted along any small extension, then it obviously admits a "trivial" 
obstruction theory, with = and lo the only possible function. In particular 
such a ^0 is unobstructed. 

Notice that the functoriality property implies in particular that if uj{^,A') = 
(i.e. ^ admits a lifting to A'), then surely oj{<f^{^),B') = (i.e. ^»(^) admits a 
lifting to B'). But this is clear a priori, because the puUback along of a lifting of 
^ to A' wiU be a hfting of (^^(^) to B' . 

When dealing with concrete problems, it is usually possible to construct an 
obstruction theory, and sometimes the obstruction space is a cohomology group of a 
quasi-coherent sheaf on a certain noetherian scheme (usually one degree higher than 
the one yielding the tangent space of the deformation problem we are considering). 
We will see some examples of this later. In these cases in particular the obstruction 
will vanish locally (on af&ne open subschemes). 

If we stick to the abstract setting, that is, if we consider an arbitrary deforma- 
tion category (ArtA)°P and an object G ^{k), it is possible to construct 
"abstract" obstruction theories for ^q- In |FM98| the authors define a more general 
notion of obstruction theory (for morphisms of deformation functors) using pointed 
sets, and among other results they show that, with mild hypotheses, one can always 
find an obstruction theory for a deformation functor (and even a universal one, in 
some sense). 

Nevertheless notice that obstruction spaces are something that is intrinsically 
non-canonical, and moreover the choice of the obstruction theory one considers is 
very important in some cases (for example, in the theory of the virtual fundamental 
class [BF97] 'I. 

5.1.1. The first obstruction. Let A — k, and let be a deformation category over 
(Artfc)°P. Let be an object of J^{k), with tangent space T = T^gJ- and an 
obstruction theory (Vi^,uj). By definition, each vector v €z T defines an element 
G T{k[e]), unique up to isomorphism. Set k[e'] = k[t]/{t^), where e' = [t]. We 
consider A:[e'] as a tiny extension of fc[e], via the homomorphism k[e'] -> fc[e] sending 
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e' into e. With the object we associate an obstruction uj{^v, k[e']) £ (e'^) ~ 

Definition 5.3. The first obstruction for is the function (f>^„ : T — >■ VI, that sends 
V £ T into the obstruction uj{^v, k[e']). 

We will compute the first obstruction for the deformations of a smooth variety 
in Proposition |5.f 9[ in this case it is given by a quadratic form. But this is not 
surprising, because the first obstruction is always a quadratic form. This can be 
shown as follows. 

Let Sym^(r^) be the symmetric algebra of the dual of the tangent space T; 
denote by m the ideal generated by elements of positive degree. Then we set 

5/=^^'Sym^(T^)/m2 

= fc©r^, 

and 

52 = Sym^(r^)/m3 

-fc®T^®Sym2(r^). 

A vector v £ T can be thought of as a fc- linear homomorphism v. k, so 

it yields a homomorphism of /c-algebras Sym^(w): Sym^(r^) — ^ k, which can be 
interpreted as evaluation of a quadratic form at v. This in turn gives a quadratic 
function T — > Homfc(Sym^,(T^), /c) sending v into Sym^(w), and a quadratic form 

: T ^ Hom4Sym2(T^) ® V^, V^) 

sending v € T into Sym^('i;) ® id\/^. 



Consider the universal first order lifting ^^^^^ of to Si (Example 3.19 1; there is 
an obstruction uj{^^^\ S2) € Sym^(r'^) (g) to lifting it to 

The following is easy to see from functoriality of obstructions. 

Exercise 5.4. Check that the first obstruction uj{£^.i,, k[e']) e K; coincides with 

Hence, the first obstruction is a quadratic function of v, as claimed. 

5.1.2. Minimal obstruction spaces. Very often, an obstruction space is larger than 
necessary. For example, it can happen that {Vi^,uj) is an obstruction theory for 
some ^0 G J'ik), the vector space VL, is not zero, but nevertheless the map uj is (see 



the example in Proposition 5.18). However, there is always a minimal subspace of 



that contains all the obstructions, which gives a minimal obstruction theory. 

Definition 5.5. Let {Vi^,io) be an obstruction theory for € T{k). The minimal 
obstruction space £7^^ of the given obstruction theory is the subspace of of ele- 
ments V £ Vi^ that correspond to obstructions along tiny extensions, in the following 
sense: there exists a tiny extension A' — > A, with a fixed isomorphism I k, and 
^ S J^^g{A), such that v is the image of the obstruction uj{^,A') £ / ®k Vuj under 
the induced isomorphism I ®k Kj — ^ ®k — Kj- 

For this definition to make sense, we have to check that fi^j is a vector subspace 

of K;. 

Proposition 5.6. il^^ QVu, is a vector subspace. 
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Proof. It is easy to sec that contains zero and that it is closed under scalar 
multiplication (for the latter, just multiply the isomorphism / ~ A; by the scalar 
under consideration). The only non-trivial part is closure under the sum operation. 

Take two elements v,w G ^u), corresponding respectively to A') and w{ri, B'), 
with A' A and B' —>■ B two tiny extensions with kernels I and J, fixed isomor- 
phisms f : I c^L k, g: J k, and objects ^ G t] e T(^„{B). 

Then we take the fibered product A X/^. B, and notice that by RS ^ and rj 
induce an object {^,7]} of J^^g{A Xk B) (since they restrict to over k). The map 
A' Xk B' ^ A Xk B gives a small extension, with kernel f (B g- I (B J — k (B k; we 
have then an obstruction 

L0i{^, Tl},A' Xk B') G{I®J) ®k K; 

~ (A; e fc) 0fc 

that corresponds to the pair (u, v) (as the reader can check, using the functoriality 
property of the obstruction). 

Now we take the sum s:7®J~A;®fc^fc, defined by s{i,j) — f{i)+ g{j), and 
consider K = kers C I (B J C A' X/. B' , a.n ideal. Since s is surjective we have an 
isomorphism h: (/ ® J) /K ~ k. 

Set C = {A' Xk B')/K. We have a tiny extension C ^ A Xk B with kernel 
{I ® J)/K ~ k (which is a sort of "sum extension" of the given ones), and the 
projection tt : A' x k B' ^ C induces a homomorphism of extensions 

>7® J ^A' XkB' ^AXkB >0 



> (/ ® J)/K > C' > A XkB > 

where the map s is the projection to the quotient, and corresponds to the addition 
+ : k(B k ^ k under the isomorphisms above. 

By functoriality of the obstruction we have then 

^{^*{{^, V}), C) = (5 ® id)(a;({e, r?}, A' x k B')) , 

which corresponds to u + w € Kj, as the reader can check using again functoriality 
of w. In conclusion this shows that tt + w € fiuj, as we want. □ 

Next, we see that {Q,^,uj) is an obstruction theory. 

Proposition 5.7. Given a small extension A' ^ A with kernel I, and ^ € J^^g{A), 

we have 

uj{^, A') e I ®k^uj ®kV^ . 
In particular (f2a,,a;) is an obstruction theory for ^o- 

Proof. Let wi , . . . , be a basis of 7 as a fc- vector space, and write the obstruction 
w(^, A') G / T4> as a sum 

a;(^, A') = ui ® wi H + i;„ ® w„ 

where wi, . . . , Wn G V^. We have to show that wi, . . . , Wn are elements of fl^^. 
Fix 1 < i < n, and let 

Ki = kerw^ = {t; e / : if we write v = aiVi H + then flj = 0} C / 
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where 



/ — > fc is the dual element of Vi £ I. 



This Ki is an ideal of A', so set B' = A' /Ki. We have a tiny extension B' ^ A 
with kernel I / ~ k (where the isomorphism is induced by v^), and the projection 
TT : A' ^ B' induces a homomorphism of extensions 

^ / ^ A' ^ A ^ 



0- 



B' 



0. 



By functoriality of the obstruction wc get 

which corresponds to the i-th component Wi of uj{S^,A') under the isomorphism 
li; V^^ given by the basis wi, . . . , because the diagram 

/ <»fe K; fc" <»fe K; ^ ^ K." 



7r|/(giid 



(where the horizontal isomorphisms are the ones we have already considered) is 
commutative. 

Finally notice that aj(7f*(^), B') is the obstruction associated with a tiny exten- 
sion (since I / Ki ~ k), so that Wi e rj^^, and we are done. □ 

After the study of miniversal deformations in Section |6j we will see that we 
can obtain a formula for the dimension of VL^^ from a miniversal deformation of 

(provided it exists). In particular dim^ fi^^ does not depend on the starting 
obstruction theory {Vi^,ijj). 

This also follows from the next exercise, which says that minimal obstruction 
spaces are canonical. 

Exercise 5.8. Let F ^ (ArtA)°P be a deformation category, (Vi,wi) and (V2,W2) 
be two obstruction theories for G -^(k), and denote by fii and ft2 the corre- 
sponding minimal obstruction spaces. Show that there is a canonical isomorphism 
~ that preserves obstructions. Here with "preserves obstructions" we 
mean that if A' — >■ A is a small extension with kernel /, and ^ € -^{A), then 

(id®(p)(oji(C,A')) =c^2(e,^') el®k^2- 

Even though the minimal obstruction space is a good thing to have, in practice 
it is (in general) very hard to calculate. Because of this, in most applications it 
suffices to have an obstruction theory that is possibly easier to calculate and more 
naturally defined, as in the examples we will see later on. 

5.1.3. The Ran-Kawamata unobstructedness Theorem. The following result, first 
stated and proved in |Kaw92j . can be applied in some cases to conclude that a 
deformation problem is unobstructed. In this section we assume K = k. 

Theorem 5.9 (Kawamata). Let J- (Artfc)°P be a deformation category, and 
take ^0 e J-{k). Assume that: 

• T^^T is finite- dimensional. 



DEFORMATION THEORY FROM THE POINT OF VIEW OF FIBERED CATEGORIES 45 



• k has characteristic 0. 

• If A e (Artfc) and ^ e J^^o{A), then the functor F^: (FMod^) (MocIa) 
described on page 26 is right-exact (that is, carries surjections into surjec- 
tions). 

Then is unobstructed. 

We postpone the proof to Section |6) page [72] 

Example 5.10. Let X be a scheme over k and consider an invertible sheaf Co E 
QCoh^{k) on X. Suppose also that char fc = and H^(X, Ox) is finite-dimensional. 
We want to show that in this case Cq is unobstructed in QCoh-^ , using the Ran- 
Kawamata Theorem. 

To do this, we consider A e (Artfe) and C G QCoh'^^{A), and we want to 
understand the functor : (FMod^) — (Mod^); recall that this is defined by 

Fc{M) — {isomorphism classes of liftings of £ to A M} . 

Notice that if Cm denotes the trivial puUback of £ to A© M for any M G (FModA) 
(the one along the inclusion A A (B M), then there is a natural equivalence of 
functors (p : -fox^ — (where Xa X x gpcc fc Spec A is the trivial deformation, 
as usual); if M e (FMod^), the function ■ Pox^ (^'-^) ^ Fc{M) is defined by 

The group F^^^ (M) is the kernel of the restriction map PicX^^M PicX^i; it 
follows from the long cohomology exact sequence associated with the short exact 
sequence of sheaves on \X\ 

1 M ®A Oxa Ox.eM . 

that there is a functorial isomorphism 

FoxjM)~Hi(X,M®^ Oxa)- 

Now M ®A Ox A - M (^A{A®kOx) ^ M ®kOx, and the functor - ®k Ox is 
exact. Consequently H^(X, — ®k Ox) — H^(X, — ®a Oxa) — ^Ox^ is exact too, 
and since char fc = and 

TcaQCoh'' ~ Exti,^(/:o,/:o) - Jl'{X,£ndox{Co)) ~ R'{X,Ox) 

is finite-dimensional, we can apply Theorem \5.9\ and conclude that Cq is unob- 
structed. 

Remark 5.11. This fails in positive characteristic: there are famous examples, 
due to Jun-Ichi Igusa ( |Igu55| ), of smooth projective varieties in which invertible 
sheaves are obstructed. 

We have the following corollary of the theorem, which is useful for example when 
considering deformations of abelian varieties, Calabi-Yau manifolds, K3 surfaces, 
etc. 

Corollary 5.12 (Ran). Let Xq be a smooth and projective scheme over k (with 
charfc = 0), whose canonical sheaf loxq is trivial (i.e. isomorphic to Oxg). Then 
Xq is unobstructed. 
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Proof. Since charfc — and the tangent space Txg'Def ~ H^{Xo,Txo) (see Re- 
mark 3.24[ ) is finite dimensional, to apply the Ran-Kawamata Theorem we only 
need to show, given A G (Art^) and an object X £ VefxoiA), that the functor 
Fx : (FModA) ^ (Mod^) defined by 

Fx{M) — {isomorphism classes of hftings oi X io A® M} 

is right-exact. 

If M e (FMod^), and we call f : X ^ Spec A the structure morphism, then one 
can show (using the same techniques we used to calculate the tangent space of I'e/, 
Theorem 3.23 ) that there is a functorial isomorphism 

Fx{M) ~ Hi(X, rM Tx/a) - ^\X, M ®a Tx/a) ■ 

Using the results on base change of Appendix [C] wc will show that there is also a 
functorial isomorphism 

(5.13) Hi(X, M ®A Tx/a) ^ M ®a ^\X, Tx/a) 

which shows that the functor Fx is isomorphic to — ®a ^^{X,Tx/a): a-nd so it is 
right-exact. 

Set n dimXo = dunX; since loxq = i^^o — (recall that f2^^ denotes 

/\* f^Xo), we have a global nowhere vanishing section s of f^Xo' which is an element 
of H'^(Xo, i^Xo)- Deligne's Theorem (Theorem C.7| the natural map 

k ®A H°(x, H°(Xo, n3co) 

is an isomorphism, and s corresponds to a global section of ^x/A that is nowhere 
vanishing as well, since |^| = |-^o|- 

From the existence of this section we get that i^^/A — ■ Moreover for each 
j < n we have a bilinear nondegenerate pairing 

"x/A ^ "x/A ^ ^^X/A — ^X 

that induces an isomorphism i^x/A — (^x/a)^' 

This implies in particular that Tx/a — (^x/a)^ — ^x/A' which by Deligne's 
Theorem again satisfies base change, and then we have our functorial isomorphism 
(5.131. This concludes the proof, as we already remarked. □ 

5.2. Examples. Now we describe an obstruction theory for each of our main ex- 
amples, and give a classical example of a variety with non-trivial obstructions. 

5.2.1. Schemes. We consider the deformation category of flat schemes Vef — 
(ArtA)°^, and ATq G T>ef{k) a local complete intersection, generically smooth scheme 
of finite type over k. 

Theorem 5.14. With the hypotheses above, there is an obstruction theory (V^,w) 
for Xq with vector space 

^-=Ext^x„(^^o:(^Xo)- 

Furthermore, let A' A be a small extension in (ArtA), and assume that Xa is 
a lifting of Xq to A. Let Ya Xa be an etale morphism, and set Yq Ya XgpocA 
Specfc. Since the induced morphism ip:Yo^ Xq is Stale, we have ipQ^Xg — ^Yq'' 
furthermore, ipo induces a morphism 

■■ Ext^,^^ {nx, ,Oxo)^ Ext^,^^ (r!y„ , OyJ . 
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// / is the kernel of the small extension A' — > A, then the homomorphism 

id/ (E)^* : I (g)k Ext^ {nxo , Cxo ) — >I<»k Ext^^^ , Oy„ ) 

carries the obstruction to lifting Xa into the obstruction to lifting Ya- 

This follows from the general machinery of the cotangent complex in |I1171| . A 
proof of this Theorem that does not use the cotangent complex can be found in 
[Vis97! . 

Remark 5.15. If Xq is also afhne, then Ext|)^^ (f^Xo i C'j^o) ~ 0. In particular 
deformations of an affinc Xq with the hypotheses above are unobstructed. 

As with the tangent space, in the general case one can still find an obstruction 
theory for Xq, by using the cotangent complex. In general Xq has an obstruction 
theory with obstruction space 

K.=Ext2,^^(i;f„/fc,OXo) 

(see pm Chapter III, Theoreme 2.1.7]). 

5.2.2. Smooth varieties. We give a proof of the Theorem above only in the case 
of smooth varieties, which can be studied using Cech cohomology. Consider the 
deformation category Vef — > (ArtA)°P. 

Theorem 5.16. Every smooth variety X^ G 'Def{k) has an obstruction theory 
(14), with obstruction space 

Kj = H^(Xo, Txo) ■ 

Proof. Let A' ^ A he a. small extension with kernel /, and X g Vefxoi^) be a 
deformation of Xq over Spec A. We show how to construct the element ui{X,A') G 
I(g>kTi^{Xo,Txo). 

Let Li = {Ui}i^i be an open affine cover of Xq, and denote by X\u. the induced 
deformation of Ui over A, obtained by considering Ui C Xq as an open subscheme 
of X (recall that \X\ = lATol). By Remark 5.15| we have that Ui is unobstructed, 
and so we can find deformations Yi G T>efui{A') such that the restriction of each 
Yi to A is X\ui. 

Now notice that, since Uij is affine as well, the restrictions Yilu^j an d Yj\ u.. are 

' ' " " Then 
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isomorphic deformations of Uij over A' , by Remark 3.24 and Corollary 
for each pair of indices we have an isomorphism of deformations 

which restricts to the identity of X\i;.. on the pullback to A, and for each triplet 
of indices we can consider the composite 

Each Vij}^ is an automorphism of the deformation Yi\u^.^, of Uijk over A' that re- 
stricts to the identity on the pullback to A, and so by Propositions |4.5| and |4. 10] it 
corresponds to an element 

Cijk ^ I ®k Inf([/„-fc) ^ I'^k T)erk{Aijk,Aijk) ^ T(Uijk,I (^k Txo) 
where Spec Ay /, = Uijk- 
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The family {eijk}i,j,k£i is a Cech 2-cocycle for the sheaf I Txq, with respect 
to the cover U: we have to show that for every quadruple of indices k,l d I we 
have 

Bjkl — Sikl + Cijl — Cijk = 

as elements of r{Uijki,I ®fe Txg) ~ / ®fe lnf{Uijki)- We rewrite this as 
(5.17) Ciji - Ciki - Cijk ^ -Bjki 

and notice that the left-hand side corresponds (under the isomorphism of Proposi- 



tion 



4.5 ) to the infinitesimal automorphism 



of the deformation Yili/.^^^ of Uijki, and the right-hand side to the infinitesimal 
automorphism vj^j^i of the deformation Yj\ij..^,^. Moreover the restriction of Vij 
is an isomorphism between these two deformations, and so (5.17) follows from 
Remark 14.71 

Then we have an element [{eijk}i.j,kei] of 

H\UJ®kTx,)c^il^{Xo,I®kTx„)^I®k RHXo,Txo) 

that we call uj{X,A'). We leave to the reader to check that this is well-defined 
(it does not depend on the choice of the automorphisms h'ij). It is also clear that 
each cocycle in this cohomology class corresponds to a family of isomorphisms, by 
reversing this construction, and moreover one can check that the uj(X,A') defined 
does not depend on the open affine cover U of Xq . 

Now it is clear from the construction that we will have uj{X, A') = if and only if 
X admits a lifting to A' , and the functoriality property is an easy consequence of the 



functoriality of the isomorphism we constructed in the proof of Proposition 4.10 □ 



In particular if Xo is a smooth curve, then lP{Xo, Txg) — and so Xq is unob- 
structed. 

The preceding proof shows a typical pattern that can be used in other cases to 
construct obstructions. Here is the (rather vague) idea: if our deformation problem 
has an underlying scheme X {Xq in the case above), and it localizes naturally on 
this scheme, in the sense that every deformation over X induces one over any of its 
open subschemes (just by restriction, in the case above), and moreover: 

• Infinitesimal automorphisms form a sheaf 2 on X. 

• Locally we always have liftings. 

• Two liftings of the same deformation are always locally isomorphic. 

• We can reconstruct our deformations from local compatible data. 

Then we can mimic the preceding proof to construct an obstruction theory, with 
space H2(X,I) (see |Oss05p . 

Here is an example of a smooth variety Xq such that YP{Xo,Txa) 7^ 0, but 
nevertheless Xq is unobstructed, so the map uj must be zero. 

Proposition 5.18. Let Zq C P| be a smooth surface of degree d > 6. Then 
iP{ZQ,Tzf,) 7^ 0, but Zq is unobstructed. 

Proof. The fact that Zq is unobstructed is immediate from Propositions |3.35| and 



3.36 given an object Z G VefzoiA) and a small extension A' — >■ A, because of 
Proposition 3.36 we have a closed immersion Z C P^, which by Proposition 3.35 
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lifts to some Z' C V\, over A', and forgetting the immersion this gives a hfting 
Z' e Vejz„{^) of Z to A!. 

The fact that lP{Zo,Tzg) 7^ is proved by the foUowing calculation, similar to 
the ones we used in the proof of Proposition |3.29 From the dual of the conormal 
sequence of Zq C P| 

^ Tz, ^ Tp3 \z, ^ Oz, (d) ^ 

we see that it suffices to show that IP{Zq, Tpslzg) ^ 0. By Serre's duality we have 

H2 (Zo , 1 ) ^ H° (Zo , f^p3 (d - 4) 1 2 
and by the twisted and restricted Euler sequence 

id -4)\z, ^ Ozo [d - 5)®4 ^ Ozo (d - 4) ^ 

it is sufficient to show that 

dimfc H"(Zo, Ozo(rf - 5))4 > dinife R°{Zo, OzM - 4)) 
or, using known formulas for the dimensions above, that 

, )>[ 3 

for d > 6, which is easy to check. □ 

5.2.3. An obstructed variety. Here is a classical example due to Kodaira and Spencer 
of a smooth projective variety over C with non-trivial obstructions. 

Let X be a smooth variety over k. The tangent sheaf Tx — 'Hom{VLx,Ox) 
has a natural structure of sheaf of Lie algebras over k: over an open afBne subset 
U = Spec A, we have Tx{U) = Deik{A, A), and given two derivations D,E: A —i' A 
we can define [D, E]: A A hy 

[D, E]{x) = D{E{x)) - E{D{x)) . 

It is immediate to check that [D,E] is still a /c-derivation, and that this product 
gives a structure of Lie algebra over k to Tx{U). Moreover this local construction 
gives a global Lie product [—,—]: Tx x Tx — > Tx, which, being /c-bilinear, induces 
a linear map Tx Tx Tx, which we still denote by [—,—]. 

Moreover if we fix an open affine cover of X, say U = {CA}ie/, then there is a 
product 

H\U,Tx) X H\U,Tx) ^ H\U,Tx ®kTx) 
in Cech cohomology, induced by the tensor product (see for example }God58| II, 
§6]). 

From this product and its properties we get a quadratic form H^{U,Tx) — > 
H^{U,Tx), defined as the composite 

H'{U,Tx) ^ HHU,Tx) X HHU,Tx) ^ H^{U,Tx ®kTx) ^ H^{U,Tx) 

where the first map is the diagonal v (v, v), the second is induced by the tensor 
product, and the last one by the Lie product. If we represent an element v G 
H^{U,Tx) as a 1-cocycle {aij}ij^i, then the image of v along the above map, 
which we denote by [v, v], is given by the class of the 2-cocycle {[a^-, ajk]}i.j,kei- 

Finally recall that if Xq is a smooth variety, then Txg'Def ~ IV-{Xq,Tx„) and 
we have an obstruction theory with vector space lP{XQ,Txg)- 
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Proposition 5.19. Let Xq be a smooth variety over k, with charfc ^ 2. Then the 



first obstruction of Xq (see Definition 5.3) 



with respect to the obstruction theory described in the preceding section is given by 
= ^[v,v]. 

Proof. With the notation of Section [sj let us take an element v e ll^{Xo,Txo), 
a first-order deformation X^ corresponding to v, and the associated 1-cocycle 
{dij}ij^i of Txg for an open afRne cover U = {Ui}i^i of Xq. Recall that is the 
derivation associated with the infinitesimal automorphism 6ij of Uij Xgpec feSpec fc[e]; 
in other words we have 

ef^if + eg) = f + eid^.if) + g) 

where we see Ou-. (^k fc[e] as Ou-. © ((e) 0^ Ou-.) and /, g are sections of Ouij (see 
Proposition 4.10 ). 

Now let us calculate the obstruction to lifting Xy to fc[e'] =^ k[t]/{t'^) (where 
e' = [t]) constructed in the proof of Theorem 5.16 In this case since ^i,|(7i is 
isomorphic to the trivial deformation Ui xgpocfe Specfc[e] of Ui over fc[e], we can 
take Yi = Ui Xspccfc Spec A: [e'] as liftings to k[e']. Moreover one checks at once that 
the automorphisms of sheaves of algebras ipij : Ou.. ®k k[e'] — >■ Ou.. (g)^ k[e'] defined 
as 

V^,{f + e'g + e'^h) = f + e'{d,,{f) + g) + e'^ (^d.,,{g) + \dl{f) + 

where we see Ou^^ ®k fc[e'] as Ou,^ ® ((e') ®k Ou,J © ((e'^) <E)k Ou^^) and df^ is 
give isomorphisms v^j : Yjlu^^ ^ Y-^lUi-j inducing the identity on Xy\u... 
The element Cijk G (e'^) <E)k lnf{Uijk) ^ I)erk{Aijk, Aijk) ~ r{Uijk,Txo) associ- 
ated with the composite i^ijk — Vij o Ujk o vf^} is easily seen to be 

i (d,j O djk 

Finally this gives 

uj{Xy,k[e']) = [{eijk}i,j,k<£i] 



djk o dij) 



[dij ,djk] 



-[dij,djk] 



-\v, v] 



as claimed. 



□ 



Because of the Proposition just proved, to give an example of an obstructed 
variety it suffices to find one such that the map $ above is nonzero, or equivalently 
such that the quadratic form given by the Lie product is not identically zero. We 
do this in the following exercise. 



of 



Exercise 5.20. Take Xq — Pj. XspecC Y where Y is an abelian variety over 
dimension at least 2. 

• Show that the product 

Hi(y,Oy)®cHi(r,Oy) ^H2(y,Oy) 

induced by tensor product is not identically zero, and the same is true for 
the product 

H" (Pi , TpO 0c HO (Pi , TpO ^ H" (Pi , Tpi ) 
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induced by the Lie product. 

• Take a,b G E.^{Y,Oy) such that ab ^ and D,E e H°(Pj;,rpi) such 
that [D, E] 7^ 0, and show that they naturally give elements aD and bE 
of B.^{Xo,Txo)- {Hint: use Cech cohomology, pull the sections back to X, 
and then multiply them.) 

• Check that [aD,bE] = {ab)[D, E], and then use the Kiinneth formula to 
show that [aD, bE] y^O. 

5.2.4. Closed subschemes. Let X be a separated scheme over A. Assume that X 
is flat over A. Consider the deformation category Hilb^ (ArtA)°P. Take Zq e 
'Hilb^{k), call /q its sheaf of ideals, and A/q the normal sheaf 

Afo=nomo,^{Io/llOz,). 

Theorem 5.21. Assume that the subscheme Zq of Xq is a local complete intersec- 
tion. Then there is an obstruction theory {Vi^^uj) for Zq, with obstruction space 

V^ = R\Zo,Afo). 

Remark 5.22. This implies, for example, that if Xq is affine, the deformation the- 
ory is unobstructed. It is easy to give examples in which Xq is afflne, the subscheme 

Zq not a local complete intersection and the deformation theory is obstructed; this 
shows that the formula of the Theorem can not be correct in the general case. 

In general one can show that there is an obstruction theory with vector space 
Ext^^ (/o, Ox„)', this space contains II^(Zo, Ao), but is often larger, even when Zq 
is a local complete intersection. This gives an example of a deformation problem 
with two diff'erent "natural" obstruction theories. 

Proof. Let us start with a Lemma, which takes care of the local situation. Let 

A' ^ Ahc a. surjcction in (ArtA) with kernel / and take and object Z G 'Hilb'^^{A). 
In the Lemma that follows, we will say that a sequence of elements /i, ...,/,- of a 
ring Ris a regular sequence if its image in the localization Rp is a regular sequence, 
for all p G Spcci? containing (/i, . . . , /,,); this is equivalent to the exactness of the 
Koszul complex of the fi. From a geometric point of view this is more useful that 
the standard definition of regular sequence in a non-local ring. 

Lemma 5.23. Assume that X = Spec R is affine, and that the ideal of Z is of 
the form (/i, . . . , fr), where fi, . . . , fr is a regular sequence in Ra, where Ra = 
R®K A. 

Let fi, f^ be liftings of fi, fr to Ra' • Then Ra'/ (/{,•••, fr) is flat 
over A', its spectrum is a lifting of Z to A' and f[, . . . , f'^ is a regular sequence in 
Ra'. 

Conversely, every lifting of Z to A' is of this form. 

This implies in particular that local complete intersections can always be lifted 
locally. 

Proof. Let Z' = SpecS" be a closed subscheme of X^' = X XspecASpec A' restrict- 
ing to Z over A. The ideal of Z is J (/i, . . . , fr)] call J' C Ra' the ideal of Z' . 
Then we claim that the natural surjection J' / IJ' — )■ J is an isomorphism if and 
only if S' is fiat over A' . Tensoring the exact sequence 

> J' ^ Ra' ^ S' ^ 
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with A, and using the fact that Ra' is fiat over A' , we see that Tor^ (5', A) is the 
kernel of the homomorphism J' /IJ' — > J, and then the result follows from the local 



criterion of flatness (Theorem C.4) 




Now, assume that Z' is flat over A', so it is a lifting of Z. Let /{, . . . , be 
liftings of /i, . . . , /r to J'. From the fact that J' /IJ' — J and the fact that / is 
nilpotent we conclude that the generate J'. 

Let us check that /{,..., is a regular sequence. Set S = RaHIi, ■ ■ ■ , fr) 
and 5" = Ra' /{fi, ■ ■ ■ , fr)- Let K', be the Koszul complex of /(,...,/^; then 
K, = K'^ ®A' A is the Koszul complex of fi, . . . , fr- We have a homology spectral 
sequence 

E^^^ = Tor^'(H,«), A) =^ ll,+,{K,) = 

Notice that E^q = for p > 0, because Ho(-ftr^) = S' is flat over A' . From this, and 
the fact that the abutment is in degree 1, we get that Hi(if^) (^a' A = Eq^ = 0. 
This implies that Hi(isr^) is 0, and hence Epi = for all p. Analogously one proves 
that }i2{K'^) — 0, and by induction on q that Hg(/\^) = for all q > 0. This proves 
that /(,..., is a regular sequence. 

Conversely, start from liftings /{, of /i, fr to S", and set J' = 

(/(, ...,/;) and S' = Ra'/J'- We claim that SpecS" is a hfting of Z to A', that 
is, that S' is flat over A' (by the argument above, this implies that /(,..., is a 
regular sequence). This is equivalent to saying that J' /IJ' — J. 

Let J2i o-ifi be an element of J' whose image J2i '^ifi 0- Then, because 

fi, ■ ■ ■ , fr is a regular sequence we can write (oi, . . . , a,.) € i?^/ as a linear combi- 
nation of standard relations of the form 

(0,. ..,0,^,0,... ,0,^,0,. ..,0). 

i"> place j"' place 

These lift to relations 

(0,...,0, /j ,0,...,0, -^,0,...,0) 

place j"* place 

among the Hence [a'^, . . . , aj,) can be written as a relation among the f'^, plus 
an element (&i, . . . X) ^ {IRa'T, so that J2^ <fl = E^ Kfl S I J'. □ 

In particular, by applying this to the surjection A — > fc, we see that any lifting 
of Zq is a local complete intersection. 

Now take a family U = {Ui}i^i of open subschemes of X, such that Z is a 
complete intersection in each of the corresponding open affine subschemes Vi = 
Ui XgpecA Spec^ of Xa and {Vi}i^i is a cover of Xa- By the Lemma, for each 
index i we can choose a lifting Z'l C Wi = Ui x spcc A Spec A' oi Z O Vi C Vi. 

For each pair of indexes i,j the restrictions Z'^ Wij and Z'j D Wij are both 
liftings of Z n Vij C Vij , so by Theorem 3.15| we have a unique element 



h,j &I(E)k Tz„nu^^nilb^^^ ~ r(Zo n C/y, / (g)^ A^o) 

such that 
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From the fact that the action of r{ZQ D Uij, I Ao) on the hftings is free (and 
compatible with restriction to open subsets, as can be easily checked), for every 
triplet of indices i,j,k we have 

hij + hjk = hik 

so that {hij}ij^i is a Cech 1-cocycle for the sheaf / Aq (notice that U Zq = 
{Zq n Ui}i^i is an open afhne cover of Zq). 

Using a similar reasoning one checks that the cohomology class of this cocyle is 
independent of the choice of the liftings Z'^. We call this class uj{Z C Xa,A'). As 
in the preceding cases it is also easy to see that this class does not depend on the 
choice of the open cover {Ui}i^i, and that we have a lifting Z' C Xa' if and only 
if w(Z C Xa,A') = 0. 

In fact this corresponds exactly to the situation in which the restrictions of the 
liftings Zl on the intersections Wij are compatible, and can be used to define a 
global lifting (notice that we do not have infinitesimal automorphisms, so in this 
case these restrictions are equal, and not only isomorphic). 

Finally the functoriality property is immediate from that of the action of the 
tangent space. □ 



Proof of Proposition 3.35 The subscheme Zo C P^' has an obstruction theory with 



space H^(Z o, Aq) , which in this case is trivial, as we already saw in the proof of 
In other words Zq is unobstructed, so any Z G T-Lilh^ {A) can be 
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Proposition 

lifted along any small extension A' ^ A. □ 

5.2.5. Quasi- coherent sheaves. Now wc turn to the case of deformations of quasi- 
coherent sheaves. Take K — k and the deformation category QCoh^ (Artfe)°P, 
and consider a quasi-coherent sheaf £q E QCoh^{k) (notice that Xq — X \x\ this 
case). 

Theorem 5.24. There is an obstruction theory {V^,uj) for Sq, with obstruction 
space 

Proof. Take a small extension A' A with kernel /, and an object £ G QCoh-^^ (A), 
which is a quasi-coherent sheaf on Xa = X Xspccfc Spec A with an isomorphism 
£ (^A k ~ £o. We construct the obstruction uj{£, A'). 
Take the exact sequence of A'-modules 

/ mA' ^ ^ 

and notice that, since w-a' ■ I — Q, xua' is also an yl-module (and / is too because 
P = (0)), so that the sequence above is also an exact sequence of A-modules. We 
tensor it with £ to get (by fiatness) 

*- / ®k £a *- TlA' (XiA £ ^ TTlA (Xiyi £ ^ 

(since / i^a £ — I ®k {k ®a £) — I ®k ^o) which is an element e e Ext^^ {mA ®a 
£,I®k £o)- 

We consider then the exact sequence of A-modules 

^ tn^ ^ A ^ k ^ 

and tensor it with £, getting (by flatness again) 

^ mA (^A £ ^ £ ^ £o ^ 0. 
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This induces a long Ext exact sequence (taking Homox (~i ^ ®fe '^o)) that contains 
in particular the following piece 



Ext^^, 



Ext^,^ 



(iTlA ®A £, I ®k So) 



■Ext^^ {£o,I®k£a)- 



We take as u}{£, A') the element 6{e) e Ext|)^ {Sq, I (8)^ So) ~ / (8)fe Ext^^ {So, So)- 
Now we have to verify that S has a lifting to A' if and only if (5(e) = 0. Suppose 
first that S has a lifting S' G QCoh^^{A'). Then notice that tn^' <8>A' S' ~ (m^' (^a' 
A) (^A S ~ tua' f (because rtiA' (^a' A~ xnA' , since vnA' is already an A-module) . 
Tensoring the diagram with exact rows 







-^xriA' 



mA 



Y 

■A- 







with f , we get 

0- 

0- 



So 



So 



XXlA' 



rxiA ' 



-^0 



-S' 



s 



^0 



Ext^ 



where the top row is the extension e obtained before. 

But this diagram implies that e is obtained by puUback from an extension in 
(5, / iSik So) (the bottom row), so that it is in the image of the map 7; then 
we have 6{e) = 0. 

Conversely, suppose that S{e) = 0. Then by exactness of the Ext long exact se- 
quence above, e is in the image of the map 7. In other words we have a commutative 
diagram of Ox-modules with exact rows 



(5.25) 







■I^kSo 



mA' 



S 



mA ' 



S 







So 



Y 



S 







-^0 



where is an Ox -module. 
We define a structure of Ox, 



-module on J- in the following way: since 
-ik A' ~ Ox ® (m^' «)fe Ox) 



(because A' ~ k< 
a section of m^' ' 
we define then 



Ox^, ^ Ox 

3 xriA' as a fc-vector space) we only need to define x ■ s where x is 
ik Ox and s one of Given two such sections x — a' ®t and s. 



(a' ®t) ■ s = g{a' ® irits)) E T . 

(notice that g is injective, since / is by flatness of S). It is readily checked that this 
gives a structure of Ox^, -module to T . Moreover T is quasi-coherent, because it 
is an extension of two quasi-coherent sheaves. 

Finally, we notice that the natural homomorphism T ®a' A ^ S induced by 



T ^ S above is an isomorphism (it suffices to tensor the second row of (5.25 1 with 



A over A!), and from the local flatness criterion (Theorem C.4) we have (as the 
reader can check) that J- is flat over A! . 
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In conclusion, is a lifting of £ to A' . Functoriality of the obstruction defined 
is immediate from the construction. □ 



If Sq is locally free, than we have 
Exto^(fo,£o) 



Y{\X,£ndoA£o)) 



and in this case (with the additional hypothesis that X is separated) Theorem 5.24 
can be proved using Cech cohomology, in the same way as we did for Theorem 5.16 



In particular if X is affine, or of dimension at most 1, then every locally free 
sheaf is unobstructed. 

Exercise 5.26. Take the affine curve Xq C A| over k defined by the equation 

so that the origin p — (0,0) is a singular point of Xg, and set £o Cpi the 
pushforward of the structure sheaf of the point p — Specfc along the morphism 
Spec k — Xq with image p. Consider the tangent cone CpXg of Xq at p, which 
is a union of two lines contained properly in the tangent space TpXf), which is 
two-dimensional, and take a tangent vector v € T^Xq \ CpX^ . 

We see w as a morphism v: Specfc[e] — >■ Xq in the usual way, and notice that it 
gives a section Specfc[e] — ^ of the structure morphism X^^ Spec/c[e] (where as 
usual X^ is the trivial deformation of Xq over k[e\). 



Spec k[e] 




Spec /c[e] Spec k 

Moreover the image of this section, call it Zi C X^, is closed, because — ?> Spec fc[e] 
is a separated morphism. 

Now set £i = Ozi e QCoh^° (k[e]), which is again the pushforward on X^ of the 
structure sheaf of Spec k[e]. The sheaf £i is flat over k\e]. Arguing by contradiction, 
show that there exists n>2 such £i cannot be lifted to i?„ = fc[t]/(i"'^^), so that 
£q must be obstructed. 



6. Formal deformations 

After developing tools to study infinitesimal deformations, in this section we 
go one step further and put together infinitesimal deformations that are successive 
liftings of a fixed G ^{k) to higher and higher orders. A collection of such liftings 
is said to be a formal deformation. 

We will introduce particular types of formal deformations, called universal and 
versal respectively, which play a key role in the theory. We will state and prove an 
analogue of Schlessinger's Theorem on existence of versal deformations for defor- 
mation categories. Finally, we will give some applications to obstruction theories, 
and consider briefly the problem of algebraization of formal deformations. 

Throughout this section we will use some notation and results about noetherian 
local complete A-algebras that can be found in Appendix [B| 
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6.1. Formal objects. Let T — > (ArtA)°P be a deformation category, and R G 
(Compy^) (recall that (Comp^) denotes the category of noetherian local complete 
A-algebras with residue field /c). We want to consider sequences of compatible 
deformations on the quotients i?„ = RjviC^^: the idea is that Speci? should be 
a little piece of the base scheme 5 of a deformation we are trying to construct 
or study: for example it could be the spectrum of the completion of the local 
ring Os.sq of that base scheme at a point sq, and we consider then sequences of 
compatible deformations on all the "thickenings" Spec(C's^sQ/m"+^) of the point 
So = Specfc(so), hoping to get an actual deformation over SpecOs,so- 

Definition 6.1. A formal object J- over R is a collection ^ — fn}neth where 
is an object of T{Rn) and fn- £.n ^ ^n+i is an arrow of J- over the canonical 
projection iTn'- Rn+i — ^ Rn (or more properly over the arrow 7r°P of (ArtA)°P cor- 
responding to the projection, according to the notation described on page \P, 



Sometimes we will call ^„ the term of order n of ^, and say that R is the base 
ring of the formal object ^. If we need to specify it in the notation, we will denote 
a formal object as above by {R,£,)- 

The condition of having fixed arrows /„ : ^„ — > ^n+i reflects the fact that the 
objects are compatible, in the sense that if n > m, then the puUback of ^„ to 
Rm along the projection _R„ — > Rm is isomorphic to ^m, and moreover we have a 
canonical isomorphism, coming from the composite — > S,m+i • • • ^ of the 
given arrows. 

We also remark that a formal deformation is determined up to a unique isomor- 
phism by the objects ^„ and the arrows ^„ — > ^„+i for n > uq, for any natural 
number hq. This is because ^„ determines all the ^^'s with i < n, hy taking pull- 
backs along the projections i?„ — > Ri. 

Definition 6.2. A morphisni a: ^ — > 77 of formal objects over R, where ^ — 
{Cn,fn}neN and T] = {rin,gn}neN is a collection a = {a-ajnen of arrows a„ : ^„ ^• 
rjn of J-{Rn), such that for every n the diagram 

£,n ^ Cn + 1 

OCn + l 

Y 

Vn Vn+1 



commutes. 

As with objects, q;„ will sometimes be called the term of order n of a. 

Formal objects over a fixed R with morphisms form a category (composition of 
arrows is defined as composition at each order), which we call the category of formal 
objects over R and denote by T{R). 

Here we used the canonical filtration {m^}„gN: but to define a formal object we 
can use any filtration that defines the right topology on R. Let A = {In}neN be a 
filtration of R, that is, a sequence of ideals /„ such that J„ C 7„ whenever n > m, 
and inducing on R the same topology as the canonical filtration. 

We can consider then a category !F_^{R) of formal objects over R with respect 
to the filtration A, defined as above, but using the quotients instead of i?„ = 

R/m'^+\ 
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Exercise 6.3. For any R and filtration A = {In}nen that defines tlie m_R-adic 
topology on R, the categories J\a(-R) and T{R) are equivalent. 

This says that we can use any filtration as above to define a formal object of T 
over R. 

The notation J^{R) suggests that we want to consider a fibered category J" — > 
(Conipy\^)°P, which is indeed the case. 

Definition 6.4. A morphism a: (R,^) — >■ {Sif]) of form,al objects of IF , where 
€ = {^n,fn}nm and rj = {r]n,gn}nen, is a pair {a,<p), where (p: S R is a 
homomorphism, and a = {anjnsN ^ collection of arrows an - ^ Vn of IF over 
(fin - Sn ^ Rm suck that for every n the diagram 

^ ^n+l 

Ctn+l 

I 

Vn Vn+1 

commutes. 

Again, sometimes we will call a„ the term of order n of (a, ip). We stress that a 
morphism between formal objects (i?, ^ {S,ri) determines a homomorphism in 
the opposite direction S ^ R (the same happens in the case of infinitesimal defor- 
mations, where for ^ G J^{A) and 77 G IF{A'), an arrow ^ — >■ ?7 gives a homomorphism 
A' ^A). 

We define a category IF, and call it the category of formal objects of IF: its 
objects are formal objects (R,^), and an arrow (i?, ^) — > {S,r]) is a morphism of 
formal objects. We have a functor IF — > (CompA)°P that takes {R,£,) to R and an 
arrow (a, (p) : {R, ^) — > {S, rj) to the arrow ip°^ from R to S. 

Proposition 6.5. IF (CompA)"^ is a category fibered in groupoids. 

The proof is easy, so we leave the details as an exercise: given a homomorphism 
(p: S ^ Rin (Comp^), and a formal object r] = (7„}„gN over S, we can define 
a pullback to R by taking pullbacks of the single terms ?7„, and pullbacks of the 
arrows This shows that IF (Comp^)°P is a fibered category. The fact that 
each IF{R) is a groupoid follows from the fact that is fibered in groupoids. 

If we have two deformation categories IF — )• (ArtA)"^ and Q — )• (ArtA)"'', and 
a morphism F: IF ^ Q, then there is a natural induced morphism F: IF Q of 
categories fibered in groupoids: a formal object ^ = {Cra)/n}neN of IF over R goes 
to the formal object F{^) = F{fn)}n&N of Q over the same R, and an arrow 

a — {an}neN goes to the arrow F{a) = {F{an)}neN- It is immediate to check that 
this is well-defined, and gives a morphism of categories fibered in groupoids. 

Now we show that is a subcategory of First notice that if ^ G (Art a), then 
in particular A G (Comp^^), so we can consider the fiber category T{A). 

Proposition 6.6. We have an equivalence of categories IF{A) ~ J^{A). More- 
over these equivalences give rise to an equivalence of categories fibered in groupoids 
F: IF ^ IF\(^ArtA)°p J so that J- can be regarded as a full subcategory of J-. 

Proof. In the statement above with .7-"|(ArtA)°p mean the full subcategory of IF 
whose objects are formal objects {A,^) of IF with A e (ArtA). 
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The idea of the proof is quite clear: since A is artinian its maximal ideal vha is 
nilpotent, so that there exists an m such that m™^^ = (0), and then Ai = A for all 
i > m; because of this, a formal deformation will be completely determined (up to 
isomorphism) by its term of order m. 

There is an obvious functor F: J- (A) — > J- (A) that carries a formal object 
{Cn,/n}«GN into the object G TiA), and an arrow a = {a„}: {Cn,/ri}neN ^ 
{'?n,5n}«eN into am - C 

We construct a quasi inverse G: J-'(A) — > as follows: given an object 

f S •^(^)) for i < m — 1 we can consider the puUbacks of ^ along the quotient 
maps A — >■ A/nC^^ = A^, and the canonical arrows fi'-ii^ Ci+i, identifying as 
a pullback of ^i+i, and for i > m, we set = ^ G J"(A), and /, = id: ^ ^ Then 
G(^) = {^„, /„}„gN is an object of J- (A). Moreover, if 77 is another object of J- {A), 
with G{ri) = {?7n,5n}neN, and a: ^ — > r/ is an arrow in J^(^), we define an arrow 
G{a) = {an}neN- — >■ G{ri), taking for i < m — 1 the arrow : — >■ rji that 
is the pullback of a : ^ — > 77 to ^i, and for i > m, since = ^ and 77^ = rj, we take 
simply a: ^ — )■ 77. 

The reader can check that G and are quasi-inverse to each other, and that 
varying A e (ArtA) we get a morphism F: J^|(ArtA)°p ~^ -F ■, which is an equivalence 



of categories fibered in groupoids (use Proposition 2.22 1. □ 



Because of the preceding Proposition, we can talk about arrows from an object 
^ over A G (ArtA) to a formal object 77 — {77n,5n}nsN over R G (CompA), using the 
identification above. 

In particular giving an arrow ^ — > corresponds to giving a homomorphism 
(/?: i? — >■ A of A-algebras, and an isomorphism ^ ~ {}Pm)*ij]m) in -?"(^), where m is 
the order of A, so that (/j™ is a homomorphism ip^, '■ Rm — ^ ^. A pullback of 77 to 
A is {ipm)*{Vrn) G •^(^), whcre m is as above. 

Finally, if A G (ArtA) and ^ G -FiA), we will sometimes write (A,^) for the 
corresponding object in J- (A) defined in the proof above. 

Remark 6.7. Here we point out (using again the identification given by Proposi- 
tion 6.6 ) that giving a morphism of formal objects is equivalent to giving a sequence 
of morphisms from the artinian quotients of the source, compatible with the pro- 
jections. 

Let (i?, 0; i^yV) be two formal objects of where f = {fn,/n}neN and 77 = 
{Vn, 9n}neNi Call A the set of arrows (i?, ^) — )• {S, rj) in J", and B the set of sequences 
{hn}neN of morphisms of formal objects /i„ : (Rm^n) ~^ {3,1]) such that for every 
n the composite 

{Rn:£,n) ^ (-Rn+ljCn+l 

)-^(5,77) 

coincides with /i„. 

There is a natural map A ^ B sending a morphism (i?, ^) — > (S*, 77) into the 
sequence of composites (Rm^n) (^jO ^ ('5, 77). Conversely given a sequence 
hn as above, the arrow /i„ : {Rn,S.n) — ^ {S^i]) of corresponds to an isomorphism 
between ^„ and the pullback of r/„ G J-{Sn) to i?„, which gives an arrow a„ : ^„ — 
77„ of J^. The fact that {/i„}„gN has the compatibility property above ensures that 
a — {«n}neN gives an arrow of formal objects a: {R,£,) — >■ {S^i]), and this gives a 
map B A that is clearly inverse to the previous one. 
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6.1.1. Formal objects as morphisms. Now we change point of view, and describe 
formal objects as morphisms of categories fibered in groupoids. For an object 
R G (Comp^) consider the opposite (Artj^)°P of the category of local artinian R- 
algebras with residue field fc, or equivalently the opposite of the category of objects 
A £ (ArtA) with a homomorphisni of A-algebras R ^ A. 

There is an obvious functor (Art/j)°P (ArtA)°P that sends an object A of 
(Artfl^)°P into the A-algebra A defined by the composite A — > i? — > A (where 
i? — > A defines the structure of i?-algebra on A), and an arrow {A — > 3)°^ in 
(Artij)°P to "itself" (that is, to the opposite of the homomorphism A ^ B seen as 
a homomorphism of A-algebras). 

Proposition 6.8. (Artfl)°P — > (ArtA)""^ is a deformation category. Moreover its 
tangent space rfj'_>.fc(Art^)°P at the unique object R k over k is isomorphic to 
the vertical tangent space of R 

TB.^k{ArtR)°P ~ TaR = (mi^/(mAi? + . 

Proof. It is easy to check that (Artj^)°P (ArtA)°P is a deformation category, so 
we only calculate the tangent space. 

Notice first that {Art]i)°P{k) = iiom\{R,k) has precisely one element, which 
is the quotient map R ^ k. To find the tangent space, we consider the functor 
F: (FVectfe) (Set) that associates to F e (FVectt) the set F{V) = HomA(i?, fc® 
V), and acts on arrows by puUback. 

We will show that there is a functorial bijection 

FiV)~V®kTAR 

where T^R is the vertical tangent space of R 

TaR = (m7?/(mAi? + mDY . 

This will give an isomorphism Tji^k{Artji)°^ ~ T/^R. 

We construct a function F{V) V T^R. Take a homomorphism of A- 
algebras (p: R — > k (B V. We can restrict ip to the maximal ideal of i? to 
get a function (^: xtir -> V, and since </j(mAi? + m|.) — (for ip{mAR) = and 
(p{mj^) — 0, respectively because of A-hnearity of ip and = (0)), we can pass ^ 
to the quotient to get a fc-linear function 

: mB./{mAR + m^) — > V 

which is an element of 

Homfc(mi^/(mAi? + m|), F) ~ V (»fe (m7j/(mAi? + ml))^ . 

Conversely, suppose we have an element of V (mfl;/(mA-R + tH/e))^ that corre- 
sponds then to a fc-linear function 

f:mR/{mAR + mj^)^V. 

Since mfl/(mAi? + m^) ~ mj^/rn^ (where R — R/mAR, see Appendix [b|) , we can 
consider the composite g: m;^ — > m_R/(mAi? + nafj) — > V, and define ^pf. R^ k(BV 
as 

ipf{r) 7r(r) + g{n'{r) — 7r(r)) . 

where tt: i? — fc and it' : R R/niAR — R are the quotient maps (we are using 
the fact that i? is a fc-algebra, so 7r(r) e R). 
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It can readily be checked that these two functions are inverse to each other, and 
we have our bijection. FunctoriaUty is immediate. □ 

Now consider a morphism ^ : (Artfl)°P T oi deformation categories. Prom ^ we 

get a formal object of F over i?, taking ^„ = ^(i?„), and /„ = C((-Rn+i ^ Rn)°'^) 
(where Rn+i — > Rn is the projection), and if we have a base- preserving natural 
transformation a : ^ — >■ r; between two morphisms (Artij)°P T we get an arrow 
ct- {£,n: /rJneN ^ {??n,,9n}neN taking a„ = a{Rn) : Cn Vn- 

This association gives a functor <&: Hom((Artii)°P, J^) — >■ T{R), defined by 
$(^) = {Cn5/n}neN and $(a) = {an)nen- We have the following "Yoneda-like" 
Proposition. 

Proposition 6.9. The functor $ is an equivalence of categories. 

Proof. We construct a quasi-inverse ^P: T{R) Hom((Art/{)°P, to Given 
a formal object ^ = {Cn,/n}neN, we get a morphism F^: (Art_R)°P T \n the 
following way: if A € (Arti?)°P we associate with A the pullback S^a = {^m)*{im) & 
T ^ where m, is the order of A and Lp^-^ '■ Rm A in the homomorphism induced 
by -R — ^ A. On arrows, if we have a homomorphism tp: A ^ B in (Art/j), the 
commutative diagram 



Cm ^ 




Rn ^ B. 



gives (by pullback in T) an arrow : — )■ $a of over ip (as an arrow in (ArtA)). 

This defines a morphism F^^ : (Arti{)°P — > J^. With an arrow a = {ttnjneN • S, ~^ 
ri between two formal objects over R, where q = {r/„ , ,9„}„eN: we associate a natural 
transformation F^ : F^ — > _F,j. Given an object A G (Art/f)°P of order to, we define 
an arrow Fa{A): F^{A) — > F,f{A) simply as the pullback of am - Cm — > Vm, along 
the homomorphism R^ A. Standard arguments show that this gives a natural 
transformation, and this completes the definition of 'J'. 

Routine verifications using the universal property of pullbacks prove that ^' and 
$ are quasi-inverse to each other, and then our result. □ 

So giving a formal object of T over R is equivalent to giving a morphism of 
deformation categories (Arti{)°P T. Prom now on we will use both these points 
of view. 

In particular we will use the same symbol for a formal object and for the as- 
sociated morphism, and if C: (Artij)°P ^ is a formal object and Lp: R ^ A & 
homomorphism of A-algebras, we will denote by (or simply (,r^a when there is 
no possibility of confusion) the object (^{R A) of T{_A). 

We get the following corollary (which is an analogue of the "weak" Yoneda's 
Lemma), simply by taking T — (Art^). 

Corollary 6.10. There is a bijection Hom((Artij)°P, (Art'^)"?) ~ HomA(i?',i?) 
which respects composition. 
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In particular {Aitj^)°^ and (Art^)°P are equivalent as fibered categories if and 
only if R ad R' are isomorphic as A-algebras. 

By "respects composition" above we mean the following: if R" is an object 
of (CompA), and F : (Art^)"? ^ (Art^)°P, G: {Ait'j^fP -> (Art'j^)°P are two 
morphisms corresponding to ip: R' — > R and tp : R" — > R' respectively, then 
GoF e Hom((Artfl)°P, (Art'^)°P) corresponds to o -0 G HoniA(i?", R). 

Notice also that Hom((Arti?)°P, (Art^)°P) is a set, since (Art'j^)°P is fibered in 
sets. As to the proof, bijectivity is immediate from Proposition |6.9[ and the part 
about respecting composition is easy. 

Remark 6.11. From this description of formal objects we get another interpreta- 
tion of the puUback: if {R, ^) is a formal object of F, and cp: i? — >■ 5 is a homomor- 
phism in (CompA), then from the last corollary we have an associated morphism 
V?: (Art5)°P — > (Artfl)°P, and we can consider the composite 

(Art5)°P A (Artfl^P ^ F 

which is a formal object of F over S. One can easily see that this formal object is 
(up to a unique isomorphism) precisely the puUback of ^ to S* along ip. 

6.1.2. The KodairaSpencer map. Given a formal object (R,^) of F, we can con- 
sider the differential at the only object over k of (Artj^)°P of the corresponding 
morphism ^: (Artij)°P F. 

Definition 6.12. The k -linear function dji-^kC'- 7/?->fe(Artjj)°P T^o-^ called 
the Kodaira-Spencer map of the formal object We will usually denote it by 

: TaR -J> J". 

More explicitly, the Kodaira-Spencer map can be described in the following way: 
if (/3: i? — ?> fc[e] is an element of TR_>.fc(Artfl)°P (we do not need to take isomorphism 
classes here, for (Artij)°P is fibered in sets), the image K^{<p) is the isomorphism 
class of the puUback of the formal object ^ along the map (p. 

Notice that, since = and by A-linearity, (p will factor through the quotient 
map i? — >■ and n^if) can be described as the isomorphism class of the puUback 
of G F{Ri) along the induced map Ri — > k[e], where is the puUback of the 
formal object ^ along the quotient map above. 

There is another natural /c-linear map T\R — > T^^F associated with (i?,^), 
defined in the following way: consider the object S^i G F{Ri) as above. This is a 
lifting of ^0 to and since i?i is a fc-algebra, we can compare it to the trivial 
lifting fob, of fo to 

Since these objects arc liftings of fo to Ri, and 

mjj/m| ^ k ^ 

is a small extension, we get an element 

Ki]-KobJ e (m^/m|) ^feT^^J" 

(using the notation introduced in Remark [3.16 1 that we call the Kodaira-Spencer 
class of f , and denote by fc^. 

This element corresponds to a fc-linear function 

TaR {xnT^/m^r ^T^„F. 
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Exercise 6.13. Show that this last map coincides with the Kodaira-Spencer map 
of ^. 

This fact shows in particular that is completely determined by the first-order 
term S J-"(i?i) of because this determines € up to isomorphism. 

Conversely, by the freeness of the action, is determined (up to isomorphism) 
once we know k^. 

The following functoriality property is an immediate consequence of Proposi- 
tion 3.18 Take two objects R, S of (Comp^), a homomorphism ip: R ^ S, and 
^ = fn}neN a formal object of J- over R. 

Call Tp^: Ri — > Si the induced homomorphism, which in turn induces a mor- 
phism of small extensions 

^ Ti^/ml ^ Ri ^ k ^ 





•Pi 




Y 



^ m^/ml ^ Si ^ k ^ 0. 

Recall also that p induces a differential diLp: TaS — > T\R that is the adjoint of the 
codifferential ip- ^r/^^ ^ "^s/^^ (see Appendix p 



Proposition 6.14. We have the following relations between the Kodaira-Spencer 
maps and classes o/^ G J'{R) and of the pullback (p^,{£,) € J'iS). 

• k^.ii) = (V"8) id)(fc^) e m^/m| T^o^^. 

• K^^(^) ^K^odp: TaS = {mg/m^y T^^F. 

6.2. Universal and versal formal deformations. Like the classical Yoneda's 
Lemma, Proposition |6.9| lets us speak of "universal formal objects" for a deformation 
category F. 

Definition 6.15. A universal formal object over R £ (Compy^) for T is a formal 
object ^ e J-{R), such that the corresponding ^: (Artfl)°P J- is an equivalence of 
categories fibered in groupoids over (ArtA)"''- 

Thanks to Proposition |2.22[ ^ is a universal formal object if and only if the 
induced morphism : {Aitji)°P{A) F{A) is an equivalence for every A S (ArtA), 
or equivalently if and only if for every A € (ArtA) and 77 € J^iA) there exist a unique 
homomorphism of A-algebras i? — > A and a unique isomorphism ^r-^a — 77 in F{A). 
This can also be restated by saying that for every A S (ArtA) and 77 G F{A) there 
is a unique arrow {A, rf) — > {R,Ct of formal objects in J-. 

Using Remark |6.7| we see that the above universal property can be strengthened 
to: for every formal object (S*, 77) of F there exists a unique arrow (5,77) {R,C)- 
That is, every formal object can be obtained as pullback of (i?,^), in a unique way. 
This can easily be checked by considering the sequence of arrows /i„ : (5'„,77„) — >■ 
{R, ^) coming from the "weak" universal property above, and noticing that they 
are necessarily compatible because of uniqueness. 

Using this last universal property it is easy to check that two universal deforma- 
tions are canonically isomorphic. 

Definition 6.16. We say that a deformation category F — )■ (ArtA)°^ is prorepre- 
sentable if it is equivalent to a deformation category of the form (Artij)°P for some 
R e (CompA), or equivalently if F has a universal formal object (i?, C)- 
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Since (Artfl)°P is a category fibered in sets, a necessary condition for a deforma- 
tion category T (ArtA)°P to be prorepresentable is that should be fibered in 
equivalence relations. Other necessary conditions are that J-{k) should be a trivial 
groupoid, because it will be equivalent to a singleton, and J- should have finite- 
dimensional tangent space T^^J- at any (actually it suffices that this holds for one, 
given the former condition) object G J'ik), because dimfcTA-R is finite. 

The main result of this section is that the converse also holds. 

Theorem 6.17 (Schlessinger). Let T ^ {Ai-t\)°P be a deformation category. Then 
J- — > (ArtA)°P is prorepresentable if and only if: 

(a) J^{k) is a trivial groupoid. 

(b) T^oT is finite- dimensional for any e J-{k). 

(c) Inf(^o) is trivial for any G J-{k). 

This is an analogue of Schlessinger's Theorem |2.10| for deformation categories, 
even though there are no direct implications between the two. We will prove the 
Theorem in §6.3[ after discussing miniversal deformations. 



Example 6.18. As a simple example, suppose that X is a quasi-projective scheme 
over k, set A — k, and consider the deformation category T-Lilb-^ — ^ (Artfe)°P. 

Let Zq be a closed subscheme of X which is proper over Spec A; , and notice that 
the deformation category 'Hilb ^^ — » (Artfc)°P of objects restricting to over k 
meets all hypotheses of Theorem 6.17 we have already seen that Inf^^ {T-Lilb^) — 0, 



clearly the only object over k is Zq itself, and the tangent space TzoHilb-^ ~ 
H°(Zo, Ao) is finite-dimensional over k. Then we can conclude that the deformation 
category Hilb^^ (Artj,)°P is prorepresentable. 

We can see this in a more concrete way: the deformation category (which is 
fibered in sets) Hilb^ — > (Artfe)°P comes from a functor, called the Hilbert functor 
of X, an d denoted by Hilb : (Sch^) — ^ (Set); a theorem of Grothendieck (see for 
example |FGI"'"05l Chapter 5]) states that if X is quasi-projective this functor is 
represented by a scheme, called the Hilbert scheme of X, which we still denote by 
Hilb^ e (Schfc). 

The closed subscheme Zq corresponds then to a point in the Hilbert scheme, Zq e 
Hilb'^. Since Hilb'''^ represents the Hilbert functor, every object Z G 'Hilb^^^{A) 
corresponds to a morphism Spec^ — >■ Hilb"^ with image Zq, which factors through 
Spec Ofjjj^jX 2„ , by the usual argument. In particular the resulting homoniorphism 
Cmib^.Zo ^ gives an object of (Artg )°p. 

This gives a morphism 

mibl ^ (Arts^^^^^ 

of deformation categories, which is easily seen to be an equivalence. Then "Hilb^^ 
is prorepresentable, as we already knew from Theorem |6.17[ The universal formal 
object (i?, Z) in this case has R = C'niib^.Zo' term of order n of the formal 

deformation Z = fn}nen over R is the pullback to '&\iec{OYi\w^x ^^Jxn^-^x 
of the universal closed subscheme of Hilb'^ . 

Notice the following fact. Let F : (ArtA) — )■ (Set) be the functor of isomor- 
phism classes of a deformation category F (ArtA)°P. If T is prorepresentable, 
say equivalent to (Art/{)°P for R e (CompA), then F is equivalent to the functor 
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HoniA(— , R) : (ArtA)°P — > (Set), so it is prorepresentablc. On the other hand, there 
is no reason why F being prorepresentable should imply that Inf(^o) is trivial. For 
example, consider the deformation category I?e/pj (ArtA)"^, for n > and any 
A. Then H^(P",rp™) = 0, so its tangent space is trivial, and every lifting of to 
any A is isomorphic to P^, so the functor of isomorphism classes is prorepresented 
by A, and on the other hand the infinitesimal tangent space H"(P", Tpi) is not zero, 
so the isomorphism is not unique, and Vefp^ is not prorepresentable. 

This is a very simple example in which the fibered category gives somewhat 
finer information than the corresponding deformation functor, which doesn't take 
automorphisms into account. However, we see from the following criterion that the 
prorepresentability of the functor of isomorphism classes has a simple interpretation 
in terms of the fibered category. 

Exercise 6.19. Let T (ArtA)°'' be a deformation category. Show that the 
functor F: (ArtA) — >■ (Set) of isomorphism classes of is prorepresentable if and 
only if the following conditions are satisfied. 

(a) The groupoid J"(fc) is connected (i.e., all objects of T{k) are isomorphic). 

(b) T^qJ^ is finite-dimensional for any G -F(fc). 

(c) If A' — >■ A is a small extension in (ArtA), C is an object over A', and ^ is 
a puUback of ^' to A, then the induced group homomorphism AutA'(^') 

Aut/i(^) is surjective. 

Hint: assuming (a) and (b), F is prorepresentable if and only if it it satisfies the 
RS condition. 

Condition (c) says that for any small extension A' — > A, the induced functor 
J^{A') — >• J^{A) is full. It can also be expressed as saying that automorphisms of 
objects of T are unobstructed. 

6.2.1. Versal objects. The condition of not having infinitesimal automorphisms pre- 
vents many deformation categories from being prorepresentable. However, there is 
a very useful substitute for universal deformations, which does exist quite often. 

Definition 6.20. Let T — > (ArtA)°'' he a deform,ation category. A formal object 
(R, p) of is called versal if the following lifting property holds: for every small 
extension ip: A' ^ A in (ArtA), every diagram of formal objects 

y 

y 

/ 

{R,p)^ (AO 

can be filled with a dotted arrow. 

It is easy to check that a formal object {R, p) is universal if and only if for any 
diagram as above there exists a unique dotted arrow making it commutative. So 
universal deformations arc versal. 

Proposition 6.21. Let T (ArtA)"^ he a deformation category, and {R,p) a 
versal formal object. Then the lifting property of the definition above also holds for 
all surjections A' ^ A in (CompA). 
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Proof. First of all, it is easy to sec that the lifting property will hold when A' ^ A 
is a surjection in (ArtA), as usual by factoring A' ^ A into a composite of small 
extensions and lifting the morphism successively. 

Let A' A he a. surjection in (Comp^), and we write ^ = {S,n,.fn} and = 
{Cny fn}nefi- Let US show iuductivcly that for each n we can find a morphism of 
formal objects g(„: {A'^,^'^) — ^ {R,p) such that for all n the composite 

coincides with Qn, and the diagram 




commutes. 

Suppose we have constructed and consider the diagram 




where the maps from R are the homomorphism R — )■ A'^ coming from g„ and the 
one R — > An+i associated with {A,^) — ^ {R,p), and B is the flbered product. 
Taking the pullback of p to B along the dotted homomorphism above we get an 
object T] e J-{B) restricting to on A'^ and on ^„+i on An+i- 

Now notice that there is a homomorphism — >■ B induced by the quotient 
map — > A'^ and the map A^+i ^n+i coming from A' A, and which gives 
a morphism of formal objects {B,ri) — )• (^^+1,^^+1), fitting in the commutative 
diagram 
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Moreover from the fact that A' 



B is a surjection in (ArtA) (as is readily 



checked, using the surjectivity of A[^^^ — > A^^i), and from the diagram 



3,1+1 



by versality of (R, p) we get the dotted morphism g„-) 
has the desired properties. 



that 



Finally, notice that by Remark 6.7 the sequence {gn\n&i of compatible mor- 
phisms induces a morphism of formal objects [A' , {R. p) that gives the desired 

lifting. □ 



Notice that the dotted arrow in the diagram of Definition [a20| wiU give a lifting 
R ^ A' oi the map R ^ A, and conversely the existence of such a lifting implies 
at least that the deformation ^ will lift to A' (just by taking the puUback of p). 
In other words in presence of a versal deformations the problem of lifting objects 
becomes a problem of lifting maps of A-algebras. From this remark we will get a 
criterion to decide wether a deformation problem is obstructed or not, knowing a 



versal deformation (see Proposition 6.27). 

As in the case of deformation functors, 
restated as a smoothness condition. 



the property of being versal can be 



Definition 6.22. Let T — > (ArtA)°P and Q — > (ArtA)°P he two deformation cate- 
gories, and F : J- Q he a morphism. We say that F is formally smooth if for 
every surjection A' ^ A in (ArtA) the functor T{A') — >■ T{A) 'Xg(A) GiA') induced 
by the diagram 

HA') ^T[A) 



Q{A') 



is essentially surjective. 



Remark 6.23. The composite of smooth morphisms of deformation categories is 
easily seen to be formally smooth. 

Remark 6.24. It follows easily by induction that to see that a morphism is formally 
smooth it is enough to check the condition when A' —i' A is small. 

The term "smooth" comes from the fact that if T and G are deformation cat- 
egories corresponding to the functors of points of two schemes X and Y , then a 
morphism X Y locally of finite type is smooth if and only if the corresponding 
morphism T ^ Q is formally smooth. This is the so-called "infinitesimal smooth- 
ness criterion" of Grothendieck (see }Gro7H Expose III, Theoreme 3.1]). 

Exercise 6.25. Let J- — )■ (ArtA)°^ be a deformation category. Show that a formal 
object (i?, p) of T is versal if and only if the corresponding morphism p : (Arti^)°P — 
is formally smooth. 



Here are two immediate properties of versal deformations. 
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Proposition 6.26. Let T — > (ArtA)°'' he a deformation category, and {R,p) a 
versal formal object of J- . Then: 

(i) For every formal object (S, ^) restricting to po on k there is a morphism 
(S,^) — > {R, p) (in particular this also holds if S € (ATtj^)). 

(ii) The Kodaira-Spencer map Kp : T\R — >■ Tp^J- is surjective. 

Proof. The first part of the statement is immediate from Proposition |6.21[ where 
we consider as surjection the quotient map 5* — > /c, and the diagram 

(5,0 



/ 

{R,P) ^ {k,PQ) 

that identifies po as the puUback of p and ^ over k. 

Now we prove (ii): take a vector v e Tp^J-, the usual ring of dual numbers fc[e], 
and consider the element of (e) (Eik Tp^T corresponding to v. We can then find an 
object ^ e Fp^{k[e]) such that 

K] - [Po|fe[e]] = w e (e) ®k Tp„T 
(simply by taking a representative of [po|fc[is]] + where this is the usual action of 



Theorem 3.15) which is the same as saying that the Kodaira-Spencer map : fc ~ 
(e)^ — >■ TpgJ^ of the formal object {k[e],£_) sends 1 into v. 

By the first part of the Proposition we get a morphism of formal objects 

{k[e],0^iR,p) 

(and in particular a homomorphism ip:R^k[e\) that identifies ^ as a puUback of 
p, and from the second part of Proposition |6.14| we get 

V = K^{1) = Kp{d(p{l)) 

where dip : k — > T^R is the differential induced by ip. From this we see that v is in 
the image of Hp, and thus this map is surjective. 

Alternatively, this follows immediately from Exercise |6.25[ □ 

In particular if J- admits a versal object (R, p), then the tangent space Tp^J^ is 
finite-dimensional. 

Now we state the anticipated criterion to recognize unobstructed objects. 

Proposition 6.27. Let T (ArtA)°P be a deformation category, and {R,p) a 
versal formal object of J- . Then po ^•s unobstructed if and only if R is a power 
series ring over A. 

The proof, which we leave as an exercise, is a simple application of the smooth- 



ness criterion in Theorem B.7 the algebra R € (Comp^) is a power series ring over 
A if and only if for any homomorphism ip: R ^ A with A e (Art^), and small 
extension tp: A' A, there exists a lifting A: i? — >■ A', that is, a homomorphism A 
such that ijj o X = p. 

Exercise 6.28. Prove Proposition |6.27| 
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6.2.2. Miniversal objects. The second part of Proposition |6.26| suggests us to con- 
sider versal deformations where R is as "small" as possible, and leads us to the 
following definition. 

Definition 6.29. A versal formal object {R,p) of T is called minimal if the 
Kodaira-Spencer map Hp : T\R — >■ Tp^!F is an isomorphism. 

A versal minimal formal object is in short called miniversal] Schlessinger calls 
the corresponding concept for deformation functors a hull. Sometimes we will also 
say that {R,p) is a miniversal deformation of po e F{k). 

Now we show that all universal deformations arc miniversal, and that miniversal 
deformations are all isomorphic. 

Proposition 6.30. Let T — > (ArtA)°P be a deformation category. Then: 

(i) Any universal formal object of J- is miniversal. 

(ii) Any two miniversal formal objects of T with the same pullback to k are iso- 
morphic. 

Remark 6.31. The isomorphism whose existence is asserted in (ii) is, unfortu- 
nately in general non-canonical. 

Proof. We start by proving (i): it is clear that a universal object is in particular 
versal (and moreover the lifting morphism in the versality property will be unique), 
so we only have to prove that if (i?, p) is a universal formal object of then the 
Kodaira-Spencer map Kp : Tf^R — >■ is an isomorphism, and this follows from the 
fact that Kp is the differential of an equivalence of deformation categories. 

For the second statement, take two miniversal objects [R, p) and {S, v) such that 
Pq and are isomorphic. By Proposition |6.26| we have two morphisms of formal 
objects (-R, p) {S^v) and {S,v) {R,p), and we call Lp: S ^ R and tp: R-^ S 
the corresponding honiomorphisms. 

By functoriality of the Kodaira-Spencer map and minimality of {R, p) and (S*, v)^ 
the two differentials d(p: T^R — > T\S and dip : T\S — T\R will be isomorphisms 



(so the codifferentials are also), and from Corollary B.3 we get that ijj and if are 



isomorphisms. In conclusion (R, p) and {Sjv) are isomorphic formal objects. □ 

In particular, the rings over which two miniversal deformations of a same object 
over k are defined, are isomorphic. 

The following exercise characterizes versal deformations in term of a miniversal 
one. 

Exercise 6.32. Let T — )■ (ArtA)"^ be a deformation category, (i?, p) a miniversal 
formal object of and consider the power series algebra on n indeterminates 
S — R^xi, . . . ,Xn]] € (Comp^), with the inclusion i: R ^ S. Then show that the 
formal object (S", z*(p)) obtained by pullback is versal. 

Conversely, show that if (P,^) is a versal formal object of restricting to po on 
fc, and the kernel of : T\P — > T^^J^ has dimension n, then (P, ^) is isomorphic to 
the formal object {S,i^,{p)) above. 

6.3. Existence of miniversal deformations. Now we give an analogue of the 
"existence of hulls" part of Schlessinger's Theorem, in the context of deformations 
categories. 
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Theorem 6.33. Let T — > (ArtA)°P he a deformation category, and G -^{k) be 
such that the tangent space T^gJ' is finite-dimensional. Then J- admits a miniversal 
formal object {R,p), with po ~ ^o- 

Moreover if n is the dimension of T^^^J- , then R will be a quotient P/I of the 
power series ring P = A[[xi, . . . , on n indeterminates, with I C itiaP + rrip. 

Proof. First of all we notice that it is sufficient to find a formal object (i?, p) such 
that the Kodaira-Spencer map Hp: T\R — >■ T^gJ' is an isomorphism, and for every 
small extension A' ^ A with a diagram 



iR,p)^ {A,0 

of formal objects, the homomorphism R ^ A lifts to R ^ A' . 

To show this one uses the fact that the Kodaira-Spencer map Hp is an isomor- 
phism and the functoriality property of the action of the tangent space on liftings 



(Proposition 3.201 to "adjust" the lifting homomorphism R — > A', so that the 
pullback of p to A' is isomorphic to C (the details are left to the reader). 

Now we will construct a formal object {R, p) with the weaker lifting property 
above. 

Let E = T^^T be the dual of the tangent space T^^J-, and let xi, . . . , a;„ be a 
basis of -E as a fc- vector space. Set P =' A[[a;i, . . . , x„]]. Then we have Pi k® E; 



let ~pi £ ^{Pi) be the universal first order lifting of (see Example 3.19); this is 
versal with respect to artinian A-algebras of the form k(BV . 

Now we will progressively extend pi to a formal object on some bigger quotient of 
P. We first define inductively a sequence of ideals U Q P and objects pi E F{P/Ii) 
(it is easy to check that all the quotients will be actually artinian) starting with 
Ii = + tUp and pi = Pi . 

Suppose we have /„_i and p„-i G J^(P//„_i). Consider the set A of ideals 
I P such that mp/„_i C / C In~i and there exists a lifting p G J^{P/I) of p„_i, 
and take J„ to be the minimum element of A with respect to inclusion, that is, 
every element of the set A contains /„. 

To show that such an element exists, we show that A is closed under intersection 
(it is clearly nonempty, since satisfies the conditions). Noticing that ideals 

mp/„_i C / C correspond to subspaces of the finite-dimensional fc-vector 

space /„_i/mp/„_i, we only have to show that A is closed under finite (or pairwise) 
intersection. 

So suppose I, J £ A, with 77 £ F{P/I) and a £ F{P/J)\ working in the fc- 
vector space /„_i/mp/„_i we can find an ideal J' of P such that J C J' C /„_i, 
/ n J = / n J' and I + J' = /„_i . Then we have that 

p/(/n J')^P//xp/,_^p/j' 

and using RS we get a deformation over P/(/ n J') = P/(/ n J) lifting p„_i, 
corresponding to the objects 77 on P/I, and the pullback of a along the projection 
P/J P/J', on P/J'. Thus / n J is in A as well. 

Now set I — [^^li, and R P/I- Notice that R is still complete in the mp-adic 
topology, and we have also R ~ ^im(P//i) ~ ^(P/ [li/I)), as one easily checks. In 
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particular the filtration {/ri/^}neN of R defines the same topology as its canonical 
one, and so (by Exercise |6.3[ ) we can define a formal object p on i? as {p„, fn}neN: 
where pi e J-{R/{Ii/I)) are the ones defined above, and fn- Pn Pn+i are the 
arrows defining Pn+i as a lifting of p„. 

Let us show that the formal object (_R, p) satisfies the two properties above: 
clearly the Kodaira-Spencer map Kp : Tf^R ~ E'^ — !■ T^^J- = E"^ is an isomorphism, 
since it is nothing else than . 

Now for the lifting property: suppose A' — > ^ is a small extension, and that we 
have a diagram of formal objects as above. We want to show that R ^ A lifts to 
R ^ A' . We can clearly assume that A' A \s & tiny extension, because if we 
prove it in this case, we can lift the homomorphism form R successively, using the 
fact that every small extension is a composite of tiny extensions. 

Notice that the homomorphism R^ A factors through some say P/Ik 

A. Let us consider the fibered product R' ~ [P/Ik) XaA', and take a lifting of the 
homomorphism P — > P/Ik — > A to P — A' (which exists since P is a power series 



ring, see Theorem B.7|. These homomorphisms together induce P ^ R' , such that 



the following diagram is commutative. 

^ R' ^ A' 

/ 

P ^ PI Ik ^ A 

Call J — ker(P — ^ P'), and notice that J Q Ik- li J ^ Ik are done, because the 
projection R' — > P/Ik will have a section that we can use to define our lifting as 
the composite R — ^ P/h R' ^ A' . 

So suppose that J is properly contained in Ik- Identifying P/J with its image in 
P', we have that Ik/ J Q ker(P' — > P/Ik), which is isomorphic to ker(A' — > A) ~ fc, 
so that necessarily Ik/ J = ker(P' — > P/Ik)- Looking at the diagram with exact 
rows 

^ Ik/ J ^ P/J ^ P/h ^ 



^ ker(P' -> P/Ik) ^ P' ^ P/h ^ 

we get that P' ~ P/J. It is also easy to check that mp/fc C J (and we had already 
that J C Ik), and by RS we can find a lifting p G J-{R') ~ J-{P/J) of pk- Since 
by definition h+i is the minimal ideal of P with these properties, we have that 
Ik+i ^ J, so that the homomorphism P R' factors through P/h+i- Now it is 
clear that the composite P — > P/Ik+i R' ^ A' is a, lifting of the given R ^ A, 
so we are done. □ 

Now we turn to the proof of Schlessinger's Theorem |6.17| The key point is the 
following. 

Proposition 6.34. Let T (ArtA)°P be a deformation category, and {R, p) a 
miniversal formal object of J-. //Inf(po) = and J-{k) is a trivial groupoid, then 
{R, p) is a universal formal object of J- . 

To prove this we need a Lemma. 
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Let cp: A' ^ Abe a, small extension with kernel /, and B E (ArtA)- Suppose 
we have two homoniorphisms f,g:B^A' such that the composites h — ip o f = 
If o g: B ^ A coincide. Then the difference f — g: B ^ I \b a. A-derivation (see 



Proposition 3.8), so easy calculations, which use also the fact that A' — )■ A is a 
small extension, show that (/ — g)(tTi^) = and {f — g){m\B) = 0; we can consider 
then the induced fc-linear function 

A(/, g) ■■ xnB/imAB + ml) ~ m^/m^ — > I . 

Notice that by A- linearity of / and g, and the fact that B is generated by ms and 
A as a ring, we have f = g \i and only if A(/, g) = 0. 

Now take an object ^ G -^(-B), and consider the puUbacks ^ ^i^')^ 



which are liftings of In particular by Theorem 3.15 we have an action of 

I ®fe ^5o-^ Lif (^* ^'): where is the puUback of ^ to k, and recall also 
that the formal deformation (-B,^) has an associated Kodaira-Spencer class e 

Lemma 6.35. With the notation of Remark \3.16\ we have 

[f*m - [9*i0] = (A(/,g)® id)(fc5) el^k Teo-F. 

Proof. Set V = m-g/xn^, and consider B' — B (S V with the obvious A-algebra 
structure, and the trivial small extension 

^ V ^ B' B 0. 

If TT : B ^ k and tt' : B ^ B = B /m^B are the quotient maps, there is a derivation 
D: B V that sends b £ B into the class of 7r'(6) — Tr{b) in m^g/m^. 

We consider the two homomorphisms i, u: B ^ B' , defined by i{b) = (b, 0) and 
u{b) = (6, D{b)), and the one F: B' A' given by 

F{b,x)^gib)+A{f,g)ix). 



One can easily check that Foi — g and Fou = f, and using Proposition 3.18 (with 
ip = F: B' ^ A') we get 

[f*m - [9*m - (A(/,g)®id)(K(0] - [z,(0]) 

(since F|y = A(/,g))._ 

Now consider Bi = B/rn^ ~ fc0y, and the homomorphism h: B' ^ Bi defined 

by h{b, x) = 7r(6) + x. If we call tt" : B — ^ Bi the quotient map, we have hou — tt", 
and {h o i){a) — 7r(a) £ Bi. 

From this we get that h^,{u^,{^)) ~ and h.^,{i^,{^)) ~ ^oljjj noticing that hly 
is the identity, using Proposition |3. 18] again we infer that 

K(?)]~[z.(0]-Ki]-KoIbJ- 

But now [£^i] — [^oluj = by definition, and this concludes the proof. □ 
Now we are ready to prove Proposition |6.34} 



Proof of Proposition 6.34 By Proposition |6.26l we already know that for any formal 



object (S*, of J- there exists a morphism (S*, ^) — > (R, p) (^o will be necessarily 
isomorphic to poi for jF{k) is a trivial groupoid). 

As to uniqueness, we have to show that any two morphisms of formal objects /, 



(5,^) — > {R,p) are the same. Using Proposition 4.9 we see that, since Inf(po) is 
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trivial, we only need to show that the two homomorphisms "0 ■ R ~^ S associated 
with / and g are equal. 

Moreover it is sufficient to show that ipmipn- Rn — ^ Sn are equal for every n, 
and we do this inductively. Obviously cpo = ipo, so suppose = ipn-i- In this 

case ip„,Tpn- Rn — S„ are the same map when composed with Sn — ^ 5'n— i, so we 
can consider 

A(v5„, V„) : m^^/m|^ ~ m^^/mj^ mg/m'^+i . 

Since by assumption {(pn)*{pn) and {4'n)*{Pn) are isomorphic as liftings of the 
object (i^n-i)* (Pn-i) = (V'n-i)* (Pn-i), by the preceding Lemma we conclude that 

(A((^„, Vn) id)(fcp) = e mg/m^+i ®fc Tp„ J" 

where kp £ m;pr/m^(8)fc Tp^J^ is the Kodaira-Spencer class of p. 
This means that if we compose the adjoint map 

with the Kodaira-Spencer map Kp-. T/^R Tp^T of p we get the zero map. But 
now Kp is an isomorphism, so we conclude that A^ipnjipn) = 0, from which follows 
that ifn — "ipm as we want to show. □ 

Schlessinger's Theorem is now an easy corollary of Theorem |6.33| and Proposi- 
tion [6Jl 

The following Proposition gives a useful criterion that will be used later to show 
that some formal deformations are miniversal. 

Proposition 6.36. Let J- (ArtA)°'^ be a deformation category, and suppose that 
{R,p) is a formal object of F such that: 

• R is a power series ring over A. 

• The Kodaira-Spencer map Kp: T\R — !■ Tp^J- is an isomorphism. 

Then {R, p) is a miniversal formal object, and in particular pQ is unobstructed (see 



Proposition 6.21) 



Proof. Since Kp is an isomorphism, we have that Tp^^J- is a finite-dimensional k- 
vector space; by Theorem |6. 33 we can then find a miniversal object [S, ^) restricting 



to po over k. By Proposition 6.26 and versality of (S", ^) we have a morphism of 
formal objects {R, p) — > ("S*, and since both of the Kodaira-Spencer maps Kp 
and K^ are isomorphisms, the fc-linear map T](S — T^i? induced on the cotangent 



spaces is an isomorphism too (by Proposition 6.14). 

Since i? is a power series ring over A, this implies that the homomorphism 5 — > i? 
is an isomorphism (see Corollary |B.5 1, and then the morphism {R, p) — > iS,£,) is 



an isomorphism too, so (i?, p) is miniversal. □ 

6.3.1. Applications to obstruction theories. Now that we have proved the existence 
of miniversal deformations, we can give proofs of the Ran-Kawamata Theorem 



(Theorem 5.9) and of the anticipated formula for the dimension of the minimal 



obstruction space associated with an obstruction theory. 



Proof of Theorem 5. 9 Let (i?, p) be a miniversal deformation of coming from 



Theorem 6.33 In particular i? is a quotient P/I, where P = k^xi, . . . ,x„]] and 



n — dimfe T^gJ^, and / C nXp. We want to show that I — (0), so that i? is a power 
series ring, and by Proposition |6.27| the object will be unobstructed. 
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The first step is to prove tliat tlie module of continuous differentials flu 
(see Appendix |b]) is a free i?-niodule. Since R is local we can equivalently show 
that is a projective i?-module, and to do this it suffices to check that for every 
surjection M' — >■ M of i?-modulcs of finite length the induced homomorphism 
Homfl(f7, Af ) Hoin/j(il,M) is surjective. 

Let us take then a surjection M' M of _R-modules of finite length, and n 
large enough for M' and M to be i?/m^'''^-modules. Set A = Rn, and consider a 
homomorphism ip G Homfl;(17, AI). This will correspond to a fc-derivation R — M, 
which in turn is the same as a homomorphism of i?-modules R ^ A (B M (this is 
a standard fact) that is moreover compatible with the two quotient maps to A. In 
other words the diagram 

R A ® M 



is commutative. 

Take then the puUbacks ^ G J-^„ (A) and ^' G J^^^ {A ® M) of the miniversal 
deformation p along the two homomorphisms above. The class of ^' is an element 
W] € -Fc(M), and so by right-exactness of we can find a [^"] G F^{M') that 
maps to [£,'] via the canonical function F^{M') F^{M). In other words ^" G 
T^q{A © M') is an object whose puUback to A® M is isomorphic to f'. 

By versality of (i?, p) the homomorphism i? — > A (B M can then be lifted to 
R^ A®M' 

{A®M',C) 



{R,p)^ (^®M,e') 

and this lifting corresponds to a fc-derivation R — > M', which in turn is the same 
as a homomorphism G IIomjj(r2, Af). This homomorphism ij: will then be in the 
preimage of the chosen ip G Homfl;(i7, Af), and this proves that Homfl(il,Af') ^■ 
Hom^(r2, M) is surjective. In conclusion Vl — is a free i?-module. 

Now we deduce that / — (0), and this will conclude the proof, as we already 
noticed. We consider the conormal sequence 



.37) 



R 







see Proposition B.IO) and notice that, since P is a power series ring on n indeter- 



minates, the i?-module flp^p R is free of rank n. Moreover if m is the rank of flji, 



tensoring (6.37) with fc we obtain an isomorphism 

(rip (g)p i?) (Kl_R, fc ~ flR <^R k 

(for the homomorphism d becomes the zero map), and this tell s us t hat m = n. 

Therefore the surjective homomorphism Hp (E)p R Hp of (6.371 has to be an 
isomorphism, and so d: I / — > Q.p (gjp R is the zero map. This means that the 
image of / along the universal derivation d: P ^ Qp is contained in the ideal /f2p, 
and this implies that for any f € I and z = 1, . . . , n, the partial derivative df/dxi 
is an element of /. 



74 



MATTIA TALPO AND ANGELO VISTOLI 



Since char fc = 0, it is easy to see that this imphcs / = (0) (for example consid- 
ering an element of / of minimal degree and recalling that / C iTip), and so we are 
done. □ 



Now consider a deformation category T — > (ArtA)°P, an object G -^(fc) such 
that T^^J- is finite-dimensional, and an obstruction theory {y^^iS) for ^o- By The- 
orem 6.33 ^0 has a miniversal deformation {R, p) where i? is a quotient P/I, with 
dim/c T^gJ- and / C ttia-P - 



P 



A[[xi, . . . , a;„]], n — dim^ Jjo^- and 1 mA-/^ + tnj 
We denote by the minimal number of generators of the ideal / CP, which 
by Nakayama's Lemma is the same as dim/j(//mp/). Finally let Q.^ denote the 
minimal obstruction space associated with {V^,(jj), as in Section [s] 

Proposition 6.38. The dimension of as a k-vector space coincides with p,{I) ~ 
dimfe(//mp/). 

Proof. We will show that there exists an isomorphism of fc-vector spaces ~ 
{I /mpiy , and this will imply the result. Set R = P/mpI (this is an object of 
(CompA) as well), so that we have an exact sequence of P-modules 







I/mpP 



Tensoring this with P„ 



R 



P/mp+\ we obtain 



R 



0. 



I/mpI 



Rn 



Rn 



and by the Artin-Rees Lemma we see that kerQ;„ — (I/mpI) n m'-^^ — (0) for n 

-ft 

large enough. 

For every such n then the sequence 







I/mpI- 



Rn 



R-n 







is a small extension, and we have an object p„ G J-{Rn), coming from the versal 
deformation (P, p). We can consider then the obstruction 

UJn = Uj{pn,Rn) G I/mpI®k ^ Homfe ((//iTlp/) ^ , il^^ ) . 

Notice that this element does not depend on n (large enough): this follows imme- 
diately from functoriality of the obstruction, and the fact that for every n large 
enough we have a commutative diagram with exact rows 







I/mpI ■ 



R 



n+l 



R 



■71 + 1 











I/mpI ■ 



Rn 



■0. 



From this we get a well-defined element / e Homfc((//mp/)^, f2(^), that is, a k- 
linear map /: (//mp/)^ 51^. We show now that / is bijective. 

First we show that it is injective. Take a nonzero u G (//mp/)^, which is a 
surjective fc-linear function u: I/xnpI — )■ fc, and set K = keru, which is an ideal of 
Rn (for n large enough). We consider then {I/mpI)/K ~ k and Sn — Rn/K, and 
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the following commutative diagram with exact rows 
^ I/mpI ^ ^„ ^ Rn 







0. 



Rn ) will induce an isomorphism 



(where the vertical arrows are the quotient maps) that gives a morphism between 
the two small extensions. 

By definition of the isomorphism I/mpI (E)k — Homfc((//Tnp/)^, O^j) and by 
functoriality of the obstruction uj, we have 

f{u) ^ UJn{u) 

= (u (g) id)(w„) 

= Uj{Pn, Sn) € k<Slk^uj — ^u- 

Suppose that f{u) = 0. Then there is a lifting r/„ e J-{Sn) of /7„ e J^(i?„), and 
by versality of {R,p) the homomorphism R — i?„ will lift to i? — >■ 5„. On the 
other hand since = (0) this last map will factor through i?„, and give then a 

splitting Rn — > Sn of the small extension above. 

Finally notice that this splitting (as well as Sn 
between cotangent spaces of i?„ and 5„, and then (by part (ii) of Corollary B.3 1 the 
map Sn — > Rn is an isomorphism. But this is a contradiction, because the kernel 
of this map is isomorphic to k. In conclusion this shows that f{u) ^ 0, and so / is 
injective. 

We show that it is surjective. Take a vector -y G fi^^, and suppose it corresponds 
to the obstruction uj{^,A') associated with a small extension A' A with kernel 
J and an isomorphism g: J and an object ^ € T(^„{A). 

By versality of (i?, p) and Proposition 6.26 we have an arrow of formal objects 
(A,^) — ^ {R,p), and since A is artinian the homomorphism R ^ A will factor 
through Rn for n large enough (and the puUback of pn to A is isomorphic to ^). 
Moreover if we lift the homomorphism P —i' R A to ip: P —i' A' using the 
fact that P is a power series ring over A, then ip{I) will be contained in J, and 
consequently (^(mp/) — (0), so (/? will factor through R. 

Taking n large enough we get a commutative diagram with exact rows 











I/mpI 



Y 
J 



Rn 



Y 

-A' 



Rn 



A- 











where u: 1/m.pI J :^ k can be seen as an element of (//mp/)^. By functoriality 
of the obstruction (and the other arguments used above) we get 

f{u) = UJn{u) 

= {u® id)(a;„) 



which corresponds to v. This shows that / is surjective, and concludes the proof. □ 
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Using this we get immediately another proof of Proposition |6.27| i? is a power 
series ring if and only if / = (0), and this happens exactly when dim^ = 0, that 
is, when is unobstructed. 

The last Proposition has the following corollaries. 

Corollary 6.39. Let T — > (ArtA)°^ &e a deformation category, G J'{k), and 
{Vi^,uj) be an obstruction theory for ^q. If T^^-^J- is finite-dimensional, then is 
as well. 

Corollary 6.40. Let J- — > (ArtA)"^ be a deformation category, G J^{k) such that 
T(_„T is finite- dimensional, and (V^jw) be an obstruction theory for S,o- Moreover 
let {R, p) be a miniversal deformation of^Q. Then 

dim R > diuik J- — dim^ fli^ 

> dimfc T^„T - dim*; K,. 

Proof. The last inequality is clear, so we prove only the first, by showing that 
dimi? > dim/j T^„J^ — fJ-{I) for the miniversal deformation (i?, p) considered above, 
and using the preceding Proposition. Set n dim^ T^gJ-. 

Notice that we can reduce to the case A = A: by considering the canonical 
homomorphism P — A[[xi, . . . , . . . , a;„]], and the induced surjection 

R = P / 1 ^ fcjxi, . . . , J where J is the extension of /. Indeed if we know that 
dim(A:[[a;i, . . . ,x„]]/J) >n — fJ-{ J), then we have 

dimi? > dim(fc[[a;i, . . . ,x„]]/J) 

> n — p,{J) 

> n~ fi{I). 

So we can assume that A = k. Then by KruU's Hauptidealsatz dimi,(//mp/) = 
P-il) ^ ht /; because of this inequality and the fact that P = fcjxi, . . . , is 
catenary, we get 

dimi? = dim(P//) 

= dim P - ht / 

> dim P - i.i{I) = n- □ 

This result can be applied to find a lower bound on the dimension of the base 
ring i? of a miniversal deformation. 

Example 6.41. Let Zq C P| be a smooth curve of genus g and degree d, and 
(i?, p) a universal deformation of Zq in T-LillF'' (we have a miniversal one since 
dim^ Tzg'Hilb^'' = dim/; H°(Zo, A/q) is finite, and it is universal because 'HillF'' is 
fibered in sets). Recall that Hilb^'' comes from a representable functor, so if we 
denote by Hilb""* the Hilbert scheme of P| , the dimension of R in this case is the 

same as dim^o Hilb . 

By the preceding corollary we get 

dimz„ Hilb'' > dimfc Tz„Hilb^'^' - dim^ 

= dimfeHO(Zo,A/'o)-dimfeHi(Zo,A/'o) 
= xiJ^o) 

(here we are considering the obstruction theory described in Section [5]) where x is 
the Euler characteristic and Aq is the normal sheaf of Zq in . 
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Now from the dual of the conormal sequence of Zq C 

^Tz, ^Tri\z, ^A/'o ^0 

we get x(M)) = x{Tvl\za) ~ x{Tzo), and from the restriction of the dual of the 
Euler sequence 

Ozo Oz„ (1)®^ T^l \zo 

we obtain further that xi-^o) — 4x(Ozo(l)) — x(Czo) — xl^^o)- Using the Riemann- 
Roch Theorem to calculate explicitly the three terms in the last expression, we get 

dimz„ Hilb^' > x(AAo) 

= (4d + 4 - 45) - (1 - 5) - (2 - 2g + 1 ~ 5) 
= 4d; 

this gives a lower bound on dim^^ Hilb'^'-' independent of the genus g. 

Example 6.42. Consider a smooth projective curve Xq over k. Since the k- 
vector space Tx^'Def ~ 11^{Xo,Txq) is finite-dimensional, Xq has a miniversal 
deformation [R, p) , and since [Xq , Txo ) = we see that Xq is unobstructed (by 



Theorem 5.16), and so i? is a power series ring, and dimi? = dim^ Txg'Def. 

We can calculate this dimension explicitly: if g is the genus of Xq, then Txo has 
degree 2 — 2g, and by the Riemann-Roch Theorem we get 

x(TxJ = dinife H°(Xo, Tx„) ~ dim, R\Xo, Tx,) 
= 2 - 2.9 + 1 - ,g = 3 - 3g. 

Now if g > 2, then Txg has negative degree, so dim, H° (Xq , ) — and 

dim R = dim, [Xq , Tx,, ) = 3.g — 3 . 

On the other hand if 5 = 1 we find dim, H^(Xo, Tx^) — 1, and in the case .g = 
we have dim, H^(Xo, Txo) = 0. 

These values give the minimal number of parameters that are necessary to de- 
scribe a versal deformation of Xq for a given genus, and by the discussion in example 
3.4 (and the fact that is a smooth Deligne-Mumford stack for g > 2), they co- 



incide with the dimension of the coarse moduli spaces Alg for g > 2. 

6.3.2. Hypersurfaces in A)!. As an example (which will be useful in the next sec- 
tion), we calculate a miniversal deformation of a generically smooth hypersurface 



-^0 ^ using the results of Exercise 3.25 In particular, since Txo'Def is finite- 



dimensional if and only if Xq has isolated singularities, we have to restrict to this 
case. 

Suppose then that Xq C AJJ is a hypersurface as above, with equation / G 
k[xi, . . . and so defined by the ideal / = (/) and with coordinate ring A = 
k[xi, . . . , Xn]l I- Recall that 

Tx„Vef ~k[xi,..., Xn]/{f, df/dxi,. . . , df/dxn) ■ 



Let m == dimfcTxoI?e/ (which is finite because Xq has isolated singularities), and 
choose elements 171, . . . , G A[a;i, . . . , x„] such that their images in Tx„T)ef form 
a basis. 
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Remark 6.43. The integer m is an important invariant of the singularities of the 
hypersurface, known as the Tjurina number. 

We consider then the power series ring R — A[[ii, . . . ,tm]], and the closed sub- 
scheme 

X Vi f + hgi + ■■■ + Ungm) c A" 

where /' G A[a;i, . . . lifting of /. The subscheme X induces a formal 

deformation X = {Xi, /i}igN of Xq over R, by taking Xi to be the puUback of X 
to Ri — i?/m^^ along the quotient map R ^ R^, and as arrows : X^ Xi^i 
the natural closed immersions. 

Proposition 6.44. The formal object (R, X) of the deformation category "Def — >■ 
(ArtA)°'^ is miniversal. 

Proof. We use the criterion given by Proposition |6.36[ i? is a power series ring, so 
we only have to check that the Kodaira-Spencer map 

■ TaR — > TxaVef 

is an isomorphism. Recall that this map is the same as k^^^, where is the 
puUback of AT to i?i ~ /c ® m;^/m^ along the projection R ^ Ri. 
In this particular case we have 

Xi = Spec(i?i[xi, . . . ,Xn]/if + tig^ H \-tmgm)) 

where g^ is the image of gi in k[xi, . . . , Xn] (and we still write ti for the class of ti 
in m;^/Tn^). Since the images of ti, . . . ,t„i in T)(R = mj^/m^ form a basis of the 
cotangent space, we can consider the dual basis si, . . . , Sm G TaR. The Kodaira- 
Spencer map 

Kj^^ : TaR — > TxaVef ~ k[xi, . . . ,x„]/{f,df /dxi, . . .,df/dxn) 

sends Si into the class of gi (as the reader can easily check). 

Then by the choice of the gi^s the map is an isomorphism (since the two 
spaces have the same dimension, and a basis goes to a basis), and this concludes 
the proof. □ 

Example 6.45. Consider the union of the two axes 

Xo = V{xy) C = Spec k[x, y] . 

In this case the Jacobian ideal is J = (x, y) C k[x, y]/ (xy), and a basis of Txo'Def ~ 
k[x,y\/ {x,y) is given by the class of —1. A miniversal deformation of Xq is then 
for example the one induced hy X — V{xy — t) C A^pj. 

Example 6.46. Assume charfc ^ 2,3, and consider the cuspidal curve 

Xo = Viy^ - x^) CAl^ Spec k[x, y] . 

In this case we have J = {2y,3x^) C k[x,y]/{y^ — x^), and a basis of Tx„T>ef ~ 
k[x,y]/(y,x'^) is given by the classes of 1 and x. The formal object induced by 
the closed subscheme X = V{y^ — x^ + ti + t2x) C A^p^ ^^-^ is then a miniversal 
deformation. 
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6.4. Algebraization. The next step in constructing (or studying) deformations, 
is to pass from formal ones to "actual" ones (over noetherian complete local rings). 
In other words given a formal deformation, which is a sequence of compatible de- 
formations over the artinian quotients of the base ring, we ask if there is a "true" 
deformation over the base ring that restricts to the given ones over these quotients. 
Here we consider in particular the case of deformations of schemes. 

Definition 6.47. Let Xq be a proper scheme over k. A formal deformation (i?, X) 
of Xq (that is, a formal object of the deformation category Vefx^ — >■ (ArtA)°P over 
R) is said to be algebraizable if there exists a scheme X flat and proper over R 
inducing the formal deformation X by pullback. 

In other words for each n we have a morphism ip„ : X^ X with a cartesian 
square 



y Y 
Spec Rn ^ Spec R 

and the ipn are compatible with the morphisms /„ : X„ — > Xn+i of the formal 
deformation X. 

We call an X as above an algebraization of the formal deformation X. The idea 
is that X is an actual deformation of Xq over i?, whose approximations to the 
various orders correspond to the terms of the formal deformation X. 

The problem of algebraization (that is, the problem of the existence of an al- 
gebraization for a given formal deformation) is not solvable in general. The main 
result when dealing with it in particular cases is the following Theorem, due to 
Grothendieck. 

Let A be as usual, and X a scheme over A; set A„ = A|spccA„- Together with 
the obvious morphisms, the sequence {A„, /„}ngN gives a formal deformation X of 
Xq over A. 

We denote by Coh{X) the category of coherent sheaves on A, and by Coh{X) the 
category of formal coherent sheaves on A: its objects are collections {fn,ffn}nGN 
of coherent sheaves £ ji on Xji^ with isomorpliisnis Qn - — ^n-\-i \x^ (where this 
pullback is along the immersion /„ : A„ — > A„_|_i), and an arrow {£n,9n}n&i 
{Gn, hn}nefi IS a sequence {i^nlneN of homomorphisms : — > C/„ of coherent 
sheaves on A„, compatible with the isomorphisms g„, /i„. This is an abelian cate- 
gory, even though in a not completely trivial way. 

There is a natural functor $: Coh{X) Coh{X), sending a coherent sheaf 
£ on A into the formal coherent sheaf {£\xni fn}nefij where /„ are the obvious 
isomorphisms identifying the pullback of £\x„^i to A„ with the one of £, and 
a homomorphism F: £ ^ Q goes to the sequence {i^nlneN of homomorphisms 
induced on the puUbacks. 

Theorem 6.48 (Grothendieck's existence Theorem). If X is proper over A, the 
functor $ is an equivalence of abelian categories. 

For a discussion of this Theorem, see for example |FGI"'"05l Chapter 8]. 

From this Theorem we get an algebraization result for certain deformations of 
schemes. First of all we have the following corollary about embedded formal defor- 
mations. 
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Corollary 6.49. Let X be a proper scheme over A, and consider the formal defor- 
mation X = {Xn, fn}neN of Xq as above. Consider a sequence {Yn}neN of closed 
subschemes Yn C Xn, such that for every n we have Yn+i H X„ = Yn (where we 
see Xn Q Xn+i by means of the closed immersion fn). Then there exists a closed 
subscheme Y C_ X such that Yn = Y D Xn for any n. 



Proof. We use Theorem 6.48 consider the formal coherent sheaf {Oy„, fn}neN: 
where /„ are the obvious isomorphisms. By the Theorem we have a coherent sheaf 
£ on X, and a sequence of isomorphisms ipn'. £\xn = £®Ox — Oy„ compatible 
with the projections Ox^+i — > and Oy^^^ — > C'y^. 

Moreover we have an arrow {Ox^ , <?n}ngN — ^ {Cy„ j fn}neN of formal sheaves on 
X, given by the surjections Ox^ Oy^ defining the closed subschemes Yn- This 
arrow corresponds (by the Theorem again) to a homomorphism ijj : Ox — > f of 
coherent sheaves on X, such that for every n the diagram 

Ox\x„^^£\x„ 



Ox^ Oy„ 

is commutative. 

Notice finally that since the functor $ of Grothendieck's Theorem is an equiva- 
lence of abelian categories, and {Ox„,5n}neN — >■ {C'y^ , /njnsN has trivial cokernel 
in Coh{X), we get that ip is surjective. The kernel of tp: Ox — >■ S defines then a 
closed subscheme Y C X with structure sheaf £, such that Y n Xn = Yn for every 
n. □ 

Exercise 6.50. Using Grothendieck's existence theorem, show that an algebraiza- 
tion of a formal deformation of Xq is unique, up to a unique isomorphism. 

Now we go further, and consider abstract deformations. 

Proposition 6.51. Let Xq be a projective scheme over k such that H^(Xo, Oxo) — 
0, and suppose that X = {Xn, fn}n<£N *s a formal deformation of Xq over A. 
Then X is algebraizable. 

The algebraization that we will construct in the proof is moreover projective over 

R. 

Proof. We start by showing that the natural restriction homomorphism Pic(X„) 
Pic(X„_i) is surjective. For a fixed n we have an exact sequence of sheaves of groups 

ml/ml+' (g>k Ox„ Ox„ ^^x„_, 

where the first map is defined by u i— > 1 + u (over any open subset), and we see 
m^/m^'*'"^ <8)fe Oxo as the ideal sheaf of Xn-i in X„. 

Taking the cohomology long exact sequence and recalling that by hypothesis 

H2(Xo,mX/m:^+' ®fc Ox,) ^ mX/m:^+i <E>k ll^Xo,Oxo) 
is trivial, we see that the homomorphism 11^{Xq,0'^ ) 11^{Xq,0'^ _^) corre- 
sponding to the restriction Pic(X„) — Pic(X„_i) is surjective. 

Now take a very ample invertible sheaf Cq on Xq, such that H^(Xo,£o) — 0, 
and let sq, . . . , be a basis of H°(Xo,£o) as a /c-vector space, defining the closed 
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immersion Xq — > P™. By surjectivity of Pic(X„) — > Pic(X„_i) we can lift Cq 
successively to X„, obtaining thus a sequence {/C„}ngN of compatible invertible 
sheaves on the formal deformation X; moreover we can also lift the basis above at 
each step. 

In fact tensoring the exact sequence 

^ ml/m';,+^ (g>k Oxo ^ Ox„ ^ Ox„_i ^ 

with £„, we get 

^ ml/ml+^ (g,k Co ^ Cn ^ ^ 0. 

Noticing that 

ll\Xo,ml/ml+^ ®fc Co) ^ m^/m^^+i 0^ li\Xo,Co) 

is trivial, and taking the cohomology long exact sequence of the last short one, we 
see that the restriction homomorphism H'^(Xo,£„) H"(Xo,£„-i) is surjective, 
and so we can lift inductively Sq, ■ ■ ■ ,Sm to elements Sq , . . . , sj^ S H°(Xo, £„). 

Moreover the sections (sq , . . . , sjjj) will not have base points (because if they did, 
these points would also be base points of {sq, . . . , Sm)), and then for every n we have 
an induced morphism ipn ■ Xn — > P™^ ; since ipo : Xo — ^ P™ is a closed immersion, 
every will be as well. 

This makes the sequence {X„}„gN into a sequence of closed subschemes X„ C 



A^ 



compatible with the immersions P™ C P™ . Corollary 6.49 gives then a 



closed subscheme X C P™ restricting to X„ over A„ . If we show that X is flat over 
A, then it will be an algebraization of X. 

By }Mat86[ Theorem 24.3] , the locus of points at which X is flat over A is an open 
subset of X\ consider its complement Z, a closed subset of X . Since X — )• Spec A is 
proper, hence closed, if Z is not empty its image will be a closed non-empty subset 
of Spec A, which must therefore contain the maximal ideal of A. So, to show that 
Z = it is enough to show that X -> Spec A is flat at any point of X^. 

But if p g Z n Xo, since Ox,^.p — Ox.p/'^^^Ox.p is flat over A„ for every n, it 



follows from the local flatness criterion (Theorem C.4) that X — > Spec A is flat at 



p, and this concludes the proof. □ 

Example 6.52. Here is an example of a formal deformation of a smooth projective 
scheme over C that is not algcbraizable. To do this, we will take as a smooth 
quartic surface in P^., such that the Picard group Pic(Xo) is cychc, generated by 
the invertible sheaf OxoiX)- One can check that in this case II^(Aro, OjCq) — C, so 
that the hypotheses of the last Theorem are not satisfied. 

To know that such a surface exists, we need the following facts. 

Theorem 6.53 (Noether-Lefschetz). Let d> A, and he the projective space of 
surfaces of degree d in P^. . Then there exists countably many hyper surf aces 



Hi,H2, . . . , Hn, . . . C 



such that if Xq G ¥^ \ {J^^Hi, then Pic(Aro) is cyclic and generated by Oxo(l)- 

For a discussion of this, see for example |GH85j . 

Theorem 6.54 (Baire). In a locally compact and Hausdorff topological space, a 
countable intersection of open dense subsets is itself dense. 
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Combining these two Theorems, we get a quartic surface Xq C P^, such that 
Pic(Xo) is cychc generated by Oxgi^)- 

Exercise 6.55. Show that R'^{Xo,Txo) = 0. 

In particular, using Theorem |5. 16 this shows that Xq is unobstructed. 



From Proposition 3.29 we know that the differential of the forgetful morphism 
F: y.ilb^'' — >■ T>ef at Xq is not surjective, so we can take a first-order deformation 
Xe — >■ Spec[e], such that there does not exists a closed immersion X^ C P^j^j 
extending Xq C P^. 

Moreover such a deformation has trivial Picard group: the exact sequence of 
shaves of groups 

Oxo ^ Ox„ ®k (e) O*^^ ^ O*^^ ^ 

yields 

= Hi(Xo,Ox„) Pic(X,) ^ Pic(Xo) ^ R^Xo,Ox„) ^ C. 

Now since Pic(Xo) is cyclic infinite and C is torsion-free, we conclude that the map 
Pic(Xe) — Pic(Xo) must be zero, and then Pic(Xe) = 0. 

From the fact that Xq is unobstructed, we can find a formal deformation X — 
{Xn, fn}neN -'^o ovcr Cp]], with term of order one isomorphic to X^. 

Proposition 6.56. The formal deformation X is not algebraizable, that is, there 
does not exist a flat and proper scheme X over C[[t]] inducing the formal deformation 
X. 

Proof. Assume such an X exists, and take an open affine subscheme U C X. If we 
denote hy D = X \ U the complement of U, then every irreducible component of 
D has codimension 1 (see for example |Gro67|, Corollaire 21.12.7]), and then, with 
the structure of reduced closed subscheme, it can be seen as an effective divisor on 
X. 

Now notice that X is smooth over Cp]], so in particular Cartier divisors corre- 
spond to invertible sheaves: if Z is the locus where X is not smooth, then Z is a 
closed subset of X, and (if it is not empty) it must intersect the central fiber Xq 
(since X — > SpecCp]] is proper, and then the image of Z contains the maximal 
ideal of Cp]]). But Xq is smooth over C, and this contradiction shows that Z = %. 

Now, since Xq ^ [/, we have that D n Xq is an effective divisor on Xq, and it 
is not trivial (i.e. the associated invertible sheaf Oxo{D n Xq) is not isomorphic to 
Oxo)- Finally consider the commutative diagram 

Pic{X) ^ Pic(X,) 



Pic(Xo) 

with the maps are the natural puUback homomorphisms. We showed above that the 
function Pic(X) — Pic(Xo) is not zero, since the invertible sheaf Ox{D) goes to 
Oxo{Dr\XQ), which is not trivial, but on the other hand we proved that Pic{Xf^) — 
0, which gives a contradiction. □ 
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7. Deformations of nodal curves 

As a simple example of application of the general theory described up to this 
point, we consider in this last section deformations of affine and projective curves 
with a finite number of nodes. 

By studying this particular case we will show how knowing a miniversal deforma- 
tion of a local model for a singularity helps in giving a local (formal) description of 
any global deformation of such a singularity. Finally we will give an algebraization 
result for projective curves with a finite number of nodes that relies on the general 
results of the preceding section. 

Let us start with some generalities on the behavior of deformations under etale 
morphisms. 

7.1. Fullbacks of deformations under etale morphisms. Let f : Yq ^ Xq be 

an etale morphism of fc-schemes. Let Xa be a lifting of Xq to some A e (ArtA). 
The pullback functor from the category of etale morphism to X^ to that of etale 
morphisms to Xq is an equivalence (see for example [MilBOi Theorem 3.23]); hence 
there is an etale morphism f*XA — > Xa, unique up to a unique isomorphism, 
whose restriction to Xq is isomorphic to Yq — )■ Xq. We obtain a morphism of 
fibered categories /* : Vefxa ~^ T^^fYa by sending each lifting Xa into f*XA- 

Proposition 7.1. Let us assume that the following conditions are satisfied. 

(a) The scheme Xq is affine, of finite type, local complete intersection, and smooth 
outside of a finite number of closed points pi, . . . , p^. 

(b) The scheme Yq is also affine. Furthermore, for each i the inverse image f~^{pi) 
is formed of a unique point qi G Yq with k(pi) — k{qi). 

Then the following hold. 

(i) The differential dxgf* '■ Txo'Defxa — ^ TY„'DefYo is an isomorphism. 



(ii) The morphism f* is formally smooth (Definition 6.22). 

(iii) If {R, p) is a miniversal deformation of Xq, then f*{R,p) (with the obvious 
meaning) is a miniversal deformation o/Iq- 

Proof. Set Xq ^ SpecR and Yq = SpecS". We have Tx„Vefxo = Ext^(r2j^/fc, i?) 
and TygT^efxa ~ Extg(f25/j,, S"). Furthermore, there is an obstruction theory for 
Xq with space Ext^(f7fl/fc, 5), and analogously for Yq. 
Since S is flat over R, there are natural isomorphism 

Ext],{nn/k,R) ®rS^ Ext^f^s/fc, S) 

for each i. When i > 0, the i?-module Ext^j^{QR/k, R) is supported on {pi, . . . ,Pr}. 
It is easily seen by induction on the length that for every i?-module with support 
on {pi, . . . ,Pr}, the homomorphism M — >■ M ®r S is an isomorphism; hence we 
obtain canonical isomorphisms 

Exf^(l]flyfe, R) ~ Ext]iinR/k,R) S 

By Theorem |3.23| we have 

Tx.Vefxo = Ext]i{nR/k,R) and Ty„I?e/y„ - Ext\.{ns/k, S) ; 

it is easy to see that the canonical isomorphism Exi\^{Vln/f^,R) ~ Eyit\{^g/i^,S) 
corresponds to the differential dx^f* ■ This proves (i). 
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Let US show that /* is formally smooth. This amounts to the following: if we 
are given a small extension A' —i' A oi A-algebras with kernel /, a lifting Xj^ of Xq 
to A, and a lifting Ya' of f*XA to A' , then there is a lifting Xa' to A' , such that 



f*XA' is isomorphic to Ya as a lifting of f*XA- By Theorem 5.14 the obstructions 
to lifting Xa and f*XA correspond under the isomorphism I (E)k Ext^(riij/fe, i?) ~ 
/ Extg(ri5//j, S'); since f*XA has a lifting, by hypothesis, we see that Xa must 
also have a lifting Xa' ■ 

The lifting f*XA' is not necessarily isomorphic to Ya as a lifting of f*XA', 
however, the difference is measured by an element of I (Eik ^Vo^-'e/Yo, which, by (i), 
comes from an element of I (S)k Txo'Defxo'i hence we can modify Xa' so that f*XA' 
is isomorphic to Ya' as a lifting of f*XA- This completes the proof of (ii). 



For part (iii), let {R, p) be a miniversal deformation of Xq. By Exercise 6.25 
this is equivalent to saying that the corresponding morphism p: (Art/j)°P — Vefx^ 
is formally smooth, with bijective differential. By composing with /* we obtain a 
morphism (Art/j)°P — >■ 'DefY„ which is once again formally smooth with bijective 
differential, because of parts (i) and (ii) , so it is a miniversal deformation. □ 

7.2. Nodal curves. Let X be a curve over k. 

Definition 7.2. A closed point p G X is a rational node if p is a rational point, 
and the complete local ring Ox,p is isomorphic to k\x,y\l {xy) as a k-algebra. 

We consider generically smooth curves, having only rational nodes as singulari- 
ties. 

Definition 7.3. By nodal curve we mean a curve X over k that is smooth outside 
of a finite number of closed points pi, . . . ,p„ that are rational nodes. 

We give a criterion to recognize rational nodes, assuming char k ^ 2: suppose 
X is a curve over k, and that the complete local ring of A" in p e X{k) has a 
2-dimensional tangent space. Then Ox,p is isomorphic to fc[[a;, ?/]]/(/) for some 
element / G fc[[a;,j/]]. Write fi for the homogeneous term of degree i of /: then 
suppose fo — fi — 0- Assume that that /2 is a quadratic form equivalent to xy 
over k. Then there is an isomorphism /c[[a;, y]]/(/) ~ k^x,y]\/{xy). In other words, 
every rational singular point with multiplicity two and with two rational distinct 
tangent lines is a rational node. 



7.3. Deformations of afRne nodal curves. The first case we consider is the 
one of an affine nodal curve Xq over fc, with a single rational node p. Since the 
complete local ring should give some control on the local structure of a scheme at 
the corresponding point, and by definition we have an isomorphism of the complete 
local ring Oxq.p with fcjx, y]\/{xy), which is the complete local ring at the origin of 
lo == V{xy) ^ A^, one could hope to link the deformations of Xq and the ones of 
V{xy) using this isomorphism, which is what we will do now. 

The starting point is the following Theorem of Michael Artin (see |Art69| ) . 

Theorem 7.4. Suppose X, Y are schemes of finite type over a base scheme S , 
also of finite type over a field k. Let p € X and q € Y be two points with a fixed 
isomorphism f : k(jp) ~ k{q) over S, and call s the image of p and q in S. Then f 
extends to an isomorphism Ox,p — ^Y,q of Os^s-o-lgsbras if and only if there exists 
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a scheme Z over S with two etale morphisms Z ^ X and Z ^ Y , fitting in the 
commutative diagram below. 



Spec k{p) — - — Spec k{q) 




We apply the preceding Theorem with S = Spec k, X — Xq our curve, Y = Yo — 
V{xy) C A^, p the rational node of Xq, and q the origin in Y^. 

Since we have an isomorphism Oxo,p — k^x,y]\/{xy) = Oyo,9 extending the 
identity A: ~ A: on the residue fields, we conclude that there exist a scheme Z over 
k with two etale morphisms j: Z ^ Xf),g: Z Y^, and a rational point z oi Z 
that gets mapped to p and q respectively, and fitting in a commutative diagram as 
above. 

We will use these two etale maps to link the deformations of Xq with the ones 
of the "standard" nodal curve Yq. Precisely, applying the functor q* to the stan- 



dard miniversal deformation Y = {Yn, fn}neN of Yq (see Example 6.45) we get a 
miniversal deformation Z = {2^„,g„}„gN of Z: here Z„ can be defined inductively 
as a scheme over k with an etale morphism Z„ — > Y„ that fits in the cartesian 
diagram 



Zn-l 



Y 

Yn-1 



Zn 



Y, 



Since Xq has isolated singularities we can also consider a miniversal deformation 
X = {Xji, hn} of Xq, say over S € (Comp^), and apply the functor /*. This way 
we get another miniversal deformation Z' = {Z^,g^}„gN of Z, defined the same 
way as the one induced by Y . 

Since two mini versal deformations of the same scheme over k are isomorphic 
(Proposition 6.30), we have an isomorphism {S,Z') — > {R,Z), which consists of an 
isomorphism of A-algebras ip: R ^ S, together with isomorphisms a„ : — > Z„ 
over (fn, and compatible with the immersions gn and g'^. 

Now we can consider the inverse ip: S ^ R oi (p, and the puUback X'^^ of X„ 
along Sn — > Rn- This, together with the induced arrows h'^: X[^ — > gives 
another formal deformation X' = {X'^, h'„}n&ti of Xq over R that is easily seen to be 
miniversal too. Moreover the morphisms Z'^ — >■ X„ and Z'^ Spec S'„ — >■ Spec i?„ 
induce an etale morphism Z'^ — !> X'^ over Speci?„. 
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Putting everything together, for every n we have a commutative diagram 




Spec Rn 

where Z'^ — > X'^ and Z„ are etale, and moreover the morphisms in this 

diagram are compatible with the closed immersions h'^, gn, g'^^, fn and Speci?„ -> 
Spec Rn+i- 



This gives us (by Theorem 7.4 1 a sequence of compatible isomorphisms 

A„: dx^,p dY,,,q ^ Rn[[x,y]]/ixy ~ t) 
in the sense that for every n the diagram 

An 



Ox' 



V 



A„ 



o 



Y„,q 



commutes, where the vertical maps are the projections. 

From this discussion we get the following result, which gives a description of the 
complete local ring of a global deformation of a curve around a rational node, which 
is a "formal" description of the deformation around the node. 

Proposition 7.5. Suppose that f : X ^ S is aflat morphism of finite type, the fiber 
Xq = /^^{sq) over a point sq £ S is a curve over k{sQ) with isolated singularities, 
and p G Xq is a rational node. Then there exists u G Cs.so o,nd an isomorphism of 
Os,so-o-lgsbras 

Ox,p ^ Os,so [[x, y]]/{xy - u) . 

Proof. Since the statement is local, we can assume that p is the unique singu- 
lar point of Xq. We take A — Os,so: and consider the formal deformation X = 
fn}n£n Over A defined by Xn = /^^(SpecA„), where we see SpecA„ — >• 
Spec A — >■ 5* as the n-th infinitesimal neighborhood of sq; the morphisms /„ are the 
induced closed immersions. 

Since (A, X) is a formal deformation, we have a morphism of formal objects 
(A,X) — >■ (Ap]],X') (where X' is the miniversal deformation of Xq constructed 
above), that is, a homomorphism of A-algebras Ap]] — >■ A and closed immersions 
Xn — > X'n such that for every n the diagram 



Xn 



X' 



is cartesian. 



Spec A ^ Spec A p]] 
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We call u the image of t along the homomorphism A[[t]] -> A, which we can see 
as the quotient map A[[t]] Ap]]/ (< — u) ~ A. Using the preceding discussion and 
pulling back to Spec A we get a sequence of compatible isomorphisms of A-algebras 

ax„,p =^ A[[tMx, y]]/{xy ~t,t-u). 

Finally, passing to the projective limit, this sequence induces an isomorphism 

Ox^p - Ap]] [[x, y\]/{xy -t,t-u)^ A[[x, y]i/{xy - u) 

which is what we want. □ 



Proposition |7.5| can be generalized to the case of local complete intersections 
with isolated singularities. 

Example 7.6. If instead oixy = we take y^—x^ = as standard singularity (and 



we assume that char/c ^ 2,3), then by Example 6.46 we know that a miniversal 



deformation of V{y^ ~ x^) C is given by the puUbacks Xn — oi X — 

V{y^ — x^ + t + ux) C A|. to the quotients of i? = Ap,M]], together with the 
induced immersions Xn — )• Xn+i. 

Then in the same way one can prove; if / : X — >■ 5 is a flat morphism of fi- 
nite type such that Xq = f~^{so) (with char(fc(so)) 7^ 2,3) is a curve with iso- 
lated singularities over A;(so), and p G Xq is a rational point such that Oxq,p — 
fc(so)[[a;, y]]/(y^ — x^), then there exist w, w G Cs,so and an isomorphism of Os.so- 
algebras 

dx,p ^ ds,so [[x, y]]/{y^ -x^ + v + wx). 

Now we analyze briefly the more general case of afhne curves with more than 
one node. In this case one can repeat the argument we described for the curve with 
one node, using instead of Yq = V{xy) C A^. a disjoint union of copies of Yq, one 
for each node of Xq. We can get a miniversal deformation of this disjoint union 
from the fact that its deformation category will be a product of some copies of 
the deformation category of Yq, and once we have a miniversal deformation we can 
repeat the argument above. 

Here is the final results (analogous to the ones for curves with one node) that 
one can get by the analysis above. 

Proposition 7.7. Let Xq be an ajfine nodal curve over k, with r rational nodes 
Pi, . . . , Pr and smooth elsewhere. Then there is a miniversal deformation X — 
{X„, fn}neN of Xq ouer Api , . . . , t^]] , with compatible isomorphisms of A-algebras 

Ox„,pi ^ Api, . . . ,tr]]n[[x,y]]/{xy - ti) 

for every n and i. 

Proposition 7.8. Let f : X ^ S be a flat morphism of finite type, and suppose 
that the fiber Xq = f^^{so) over a point sq £ S is a nodal curve over fc(so) with 
r nodes pi,...,Pr G Xq. Then there exist ui,...,Ur G A and isomorphisms of 
Os^sQ-o-^Q^bras 
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7.4. Deformations of projective nodal curves. Now we turn to the case of 
projective nodal curves. Let Xq be a projective nodal curve over k, and call 
Pi,...,Pr G Xq its rational nodes. In this case one shows, using the local-to- 
global spectral sequence for Ext groups, that Ext^^ (fijCojCxo) = 0, so (by The- 



orem 5.141 Xq is unobstructed. 

Now take an open afSne subscheme Uq C Xq, containing all the nodes pi, . . . 
Since the open immersion z : C/q — > Xq is etale, we have an induced restriction 
functor i* : Vefxa ^ 'Defuo j which in this case is a "true" restriction (in the sense 
that i* {X) is the open subscheme of X with underlying topological space Uq). Then 
one shows that the differential dx„i* '■ Txf^'Def — > Tjj^'DeJ of this restriction functor 
is surjective. 

Exercise 7.9. Prove that Ext^^ {Q,Xa,Oxo) ~ 0, and that the differential 

dxai* ■ TxoT^ef — s- Tuo'Def 
of the restriction functor is surjective. 

Finally from these two facts, using a reasoning similar to that in the proof of 
Proposition |3.36l one shows that every formal deformation of Uq is isomorphic to 
the restriction of a formal deformation of Xq. 

Using this and the results on algebraization of Section [6] we get the following 
Proposition. 

Proposition 7.10. Let Xq be a projective nodal curve over k, with rational nodes 
pi, . . . ,Pr G Xq, and Ui, . . . ,Ur € A be arbitrary elements. Then there exists a flat 
and projective scheme X over A, having closed fiber isomorphic to Xq, and such 
that 

Ox, Pi ^ A[[a;, y]]/{xy - Ui) . 

for every node pi G Xq . 

Proof. Let Api, . . . be the base ring of the miniversal deformation of Uq of 
Proposition |7.7[ and consider the homomorphism of A-algebras Api, .... i,.]] A 
defined by ti i— >■ u,;. This induces by pullback a formal deformation U ~ {Un, fn}neN 
of Uq over A. 

By the remarks above, we can find a formal deformation X = {Xn, gn}neti 
such that the restriction i*{X) is iso morphic to U. Since Xq is projective and 



H {Xq,Oxo) ~ 0, by Theorem 6.51 the formal deformation X is algebraizable, 
that is, we can find a flat and projective scheme X — > Spec A inducing X. 

In particular X has closed fiber isomorphic to Xq, and since it r estri cts to a 

we have 



7.i 



formal deformation isomorphic to U constructed above, by Proposition 

Ox,p, ^ A[[x, y]]/{xy - Ui) . 

for every node pi . □ 

In particular we deduce the following corollary, which shows that if A is one- 
dimensional, we can always deform Xq to a smooth curve. 

Corollary 7.11. Let Xq be a projective nodal curve as in the preceding Proposition, 
and .suppose that dim A = 1 (for example A = Then there exists a flat and 

projective morphism X Spec A such that the closed fiber is isomorphic to Xq, 
and X \ Xq — > Spec A \ {itia} is smooth. 
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Proof. Let u G itia be a system of parameters for A, and take the deformation 
X Spec A of Xf) given by Proposition 1 7 . 1 0"1 with Ui — u for every i. 

Let U be the open subset of X on which the coherent sheaf ^Ix/A is locally 
free of rank 1 (or equivalently where X is smooth over A). We want to show that 

U ^X\{pi,...,pr}. 

Consider an irreducible component V oi X \ U, with generic point p ^ V Q X . 
Since V is closed in X and X Spec A is proper, we must have V C\ Xq ^ 
(because the image of X — > Spec A contains the maximal ideal mA). Since Xq is 
smooth outside pi, . . . there exists an i such that pi ^ V Xq; we will show 
that V — {pi\, and this will conclude the proof. 

We consider the complete local ring R — Ox.pi — ^\x,y^/{xy — u), and the 
module of continuous Kahler differentials ^r/a (see Appendix B|, which is an R- 
module with two generators da;, dy, and the relation ydx + xdy — 0. This can also 
be seen as the cokernel of the homomorphism i? — > i? © i? given by multiplication 
by the vector [y,x). 

If p G Speci? does not contain the ideal {x, y), then one of x, y is invertible in p, 
and then ri_R/A is locally free of rank 1 over Rp. Since the radical of {x,y) is ma, 
we conclude that ^^_R,/Alspccfl\{mH} is locally free of rank 1. 

Now the natural morphism Ox,pi Ox,pi = R is faithfully flat, and then 
Speci? — 7> Spec Ox, Pi is flat and surjective. Moreover the inverse image of the 
closed point nip. is {mi?}, and so we can restrict the morphism above to 

Speci?\ {mfl} — > Spec Ox,p, \ {mpj 

that is flat and surjective too. From this, and the fact that the pullback of fix /a to 
Speci?\ {tn/i} is locally free of rank 1 (since it is isomorphic to f^i?/A|spoc_R\{mfi}j 
as one easily checks), we get that its pullback to SpecOx,pi \ {n^pi} along the 
morphism 

Spec Ox,p, \ {iTipJ — > X 

is also locally free of rank 1. 

Finally, the generic point p of y is in the image of the morphism above (since this 
image it is the set of the generic points of irreducible components of X containing 
Pi), but the stalk ^x/A,p is not free of rank 1 by hypothesis. From this we get that 
the maximal ideal irip. goes to p, or in other words p = Pi, and V = {pi} (since pi 
is closed), as we claimed. □ 



Appendix A. Linear functors 

In this Appendix we give some results on functors from categories of modules 
(or vector spaces) that preserve finite products. Throughout this Appendix A will 
be a noetherian ring (commutative and with identity, as usual). 

Let F: (FMod^) (Set) be a functor. If M, e (FMod^) , the two projections 
M (B N M and M (B N ^ N induce two functions F{M (B N) F{M) and 
F{M(BN) F{N), and in turn these induce ipM,N- F{M®N) F{M) x F{N). 

Definition A.l. A functor F : (FMod^i) (Set) is said to preserve finite products 
if the function ipM.N bijective for every M, N G (FModyi), and F{0) ^ 0. 
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Definition A. 2. A functor F: (FMocIa) — > (Modyi) is said to be A-linear if for 
every M,N G (FMod^) the function 

RomA{M,N) RomA{F{M),F{N)) 

is a homomorphism of A-modules. 

It is easy to sec that if F : (FMod^) (Mod^) is ^-linear, then the induced 
functor (FModyi) — )• (Set) preserves finite products, and the bijection ipM,N '■ F{M(B 
N) — >• F{M) X F{N) is actually an isomorphism of A-modules (with the product 
structure on the target). 

The following Proposition shows that if a functor F: (FMod^) — >■ (Set) preserves 
finite products, then each F{M) has a canonical structure of A-module. 

Proposition A. 3. Let F: (FMod^) (Set) be a functor that preserves finite 
products. Then there exists a unique A-linear lifting F: (FMod^) — > (Mod/i) of 
F, that is, an A-linear functor such that its composite with the forgetful functor 
(Mod^) ^ (Set) IS F. 

With "unique" above we mean really unique, not only up to isomorphism. 

Proof. We define a structure of A-module on every F{M), and call F{M) the set 
F{M) with this A-module structure. First, notice that F{0) (where is the zero A- 
module) has exactly one element. In fact the two projections 0©0 — are the same 
function, and then the same is true for the two induced functions i^(0® 0) — >■ F{0). 
But now we know that F{0 ® 0) ~ F{0) x F{0), and for the projections on the two 
factors to be the same function, we must have that F{0) has at most one element. 
Finally, it has at least one, since F{0) 7^ by hypothesis. 

Now fix M G (FMod^), and notice that we have a unique homomorphism — >■ 
M. We define the image of the induced F{0) — ^ F{M) to be the zero vector of 
F{M). 

Next, we define scalar multiplication: if a € A, we have a homomorphism 
HA - M —>■ M given by scalar multiplication by a. We define then scalar multi- 
plication by a in F{M) to be the induced function F{^a) ■ F{M) F{M). 

Finally, we define addition. Consider the "sum" homomorphism + : M M — > 
M defined by {m,n) ^ m -\- n; this induces a function F{M M) F{M), 
which, using the bijection ^m,m' F{M ® M) ~ F{M) x F{M), gives a function 
F{M) X F{M) F{M). We define the sum in F{M) by means of the last function. 

Now one should verify that the data defined give a structure of A-module on 
F{M), and that if M -> iV is a homomorphism, then the induced F{M) -> F{N) 
is a homomorphism too. The method to verify the various axioms (and also the 
last fact about homomorphisms) is to rewrite everything rising of commutative 
diagrams, and then use the appropriate functorialities to conclude. We leave these 
verifications (as well as those for uniqueness and linearity) to the reader. □ 

Now we turn to natural transformations. 

Definition A. 4. LetF, G: (FModyi) (Mod^) be two functors. A natural trans- 
formation a.: F G is said to be A-linear if for every M G (FMod^) the function 

an ■■ F{M) G{M) is A-linear. 

The following Proposition is useful when one has to show that a bijection is 
an isomorphism of modules, and can be proved by using the defining property 
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of a natural transformation, and the structure of module given in the previous 
Proposition. 

Proposition A. 5. Let F, G: (FMod^) — > (Set) be two functors that preserve 
finite products, F,G: (FMod^) — (Mod^) the two A-linear liftings coming from 
the preceding Proposition, and a: F ^ G a natural transformation. Then for every 
M € (FModA) the function ■ F{A) — > G{A) is A-linear, and so a induces an 
A-linear natural transformation a: F G. 

Finally, we see that ii A ~ k is a field, then fc-linear functors are particularly 
simple to describe. 

Proposition A. 6. Let G: (FVect/j) (Vect/j) be a k -linear functor. Then for 
every V £ (FVectfc) there is a functorial isomorphism 

G{V) ~ V (g>k G(fc) . 

In particular G is an exact functor (carries exact sequences into exact sequences), 
since the functor — 0^ G{k) is. 

Proof. We define a natural transformation r: — ®kG{k) — G as follows: for V € 
(FVectfc) we define t{V) : V (g)k F{k) F{V) by 

T{V){v(E)a) = F{^,){a) 

where ip^ : k ^ V is the fc-linear function sending 1 into v. It is readily checked 
that r is a natural transformation. 

We check that each t{V) is an isomorphism. liV = k, then : k(E)kF{k) — > F{k) 
is easily seen to be the canonical isomorphism defined by a (g) a i— > a • a. 

If y = fc", then we have a commutative diagram 

fc" (g>k F{k) """" > 



(fc^fe f (fc))" > F(fc)" 

where the left vertical arrow is the canonical isomorphism, the right hand vertical 
one is the isomorphism given by fc-linearity of to fc" ~ fc ® • • • © fc (applied n — 1 
times), and the bottom one is an isomorphism because Tk is. It follows that r^n is 
an isomorphism too. 

Finally, for a general V £ (FVectfc), we take an isomorphism V ~ fc" where n is 
the dimension of V, and reduce this case to the preceding one. □ 

Appendix B. Noetherian complete local rings 

In this Appendix we gather some definitions and facts about noetherian complete 
local algebras over A (which is as usual a noetherian complete local ring) with 
residue field k, which we apply in Sections |6] and [7] We denote the category of such 
rings by (Compy^), where as usual we consider only local homomorphisms (which 
are also precisely the continuous ones with respect to the natural topologies). 
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Vertical tangent and cotangent spaces. First of all wc set up some notation. 
Let R G (Compy^), and trifl C R bo the maximal ideal as usual; there is another 
important ideal of R, the extension xnAR C ma C i? of the maximal ideal of A. 
In this situation, we denote by i?„ the quotient R/xn^^, which is an object of 
(ArtA), and by R the quotient i?/mA-R, an object of (Comp^.). U (f: R ^ S is a. 
homomorphism in ( Comply), we will denote by (pn- Rn ^ Sn and Tp: R ^ S the 
induced ones. 

So Rn e (Art/j) will be the quotient R/m^^ ~ Rn/vxARn ^ Rn <8a k, and in 
particular we have 

because = (0). 

Definition B.l. The vertical cotangent space of R is the finite- dimensional k- 
vector space 

TXR = mR/{mAR + ml). 

Its dual 

TAi?= (mfl/(mAi? + m^))^ 
is called the vertical tangent space of R. 

The name "vertical tangent space" comes from the fact that TaR is the tangent 
space of the fiber of the morphism Spec R Spec A over the maximal ideal (which 
is Spec R) , at the only closed point. In fact one easily checks that there is a canonical 
isomorphism 

TaR = (mfl/(mAi? + m^j))^ ~ (mfl/m|)^ 

As one expects, there is a related notion of differential of a homomorphism 

ip: R ^ S in (Comp^). This comes from the fact that 'fi{xnR) C xns and (^(mA-R + 
m|j) C ttiaS' + Tn|, so induces a fc-linear map 

: m7?,/(mAi?^ + m^) — > ms/{mAS + m|) 

between the cotangent spaces, which we call the codifferential of (p. 
Dualizing, we get another fc-linear map 

dip: (ms/(mA5 + m|))^ (mfl/(mAi? + m^))^ 

that we call the differential of ip. It is the differential of the morphism induced by 
ip between the closed fibers Spec S Spec R. 

These constructions are clearly functorial, in the sense that differential and cod- 
ifferential of a composite coincides with the composites of the differentials and 
codifferentials respectively. 

We have the following important Proposition. 

Proposition B.2. Let R,S^ (Comp^^), and (p: R ^ S be a homomorphism. If 
the codifferential : T)(R ^ T^S is surjective, than ip itself is surjective. 

Proof. Let us consider first the homomorphisms of fc-algebras Tp^: Rn ^ Sn induced 

by p. Wc show inductively that Tp^ is surjective for every n. 

To do this, notice that surjectivity of the codifferential : m-j^/m^ — >■ mg/tn^ 
implies that of the map 
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induced by for any n (as is easily checked). Now we come to if n = 1, we 
have that Tp^: k(BT^R ^ k(BT^S is surjoctivc because the codifferential is, by 
hypothesis. Suppose that we know that is surjective; we have a commutative 
diagram with exact rows 

^ K/K^' " Rn ^ Rn-1 ^ 



fn 










Y 




■ 







> m|/m|+^ > S„ > Sn-i ^ 

and by diagram chasing the surjectivity of ^„_i and /„ imphes that of Tp^. 

Now consider ipn '■ Rn S,, ; we show that all these homornorphisms are sur- 
jective as well. Notice that i?„ and Sn are finite as A-modules, because they have 
a finite filtration (given by the powers of the maximal ideal), such that successive 
quotients arc finite-dimensional fc-vcctor spaces. 

Recall also that Rn ~ Rn ® a k and Sn — Sn (i>A k, and ^„ is the homomorphism 
induced by (pn- Since ^„ is surjective, we can apply Nakayama's Lemma and deduce 
that ifn is surjective too. 

Finally, we pass to i? — J- S*, which is the projective limit of the homornorphisms 
ipn- If we set Kn = ker(i?„ — )• Sn), we have for every n an exact sequence 

Kn Rn *" Sn *" 

that together give an exact sequence of projective systems. Since in our case i?„ is 
artinian (and so Kn is as well), the Mittag-Leffier condition (for every n the image 
of Kn+k — Kn is the same for all fc's large enough) is certainly satisfied, and then 
the induced homomorphism 

^m (fin = f- ]^ Rn — R — > ^im Sn — S 

is surjective. □ 

Prom the last Proposition we get the following corollary. 

Corollary B.3. Let R,Sg (Comp^), and ip: R ^ S be a homomorphism such 

that the codifferential (p.^ : T^R — > T^S is surjective. Then: 

(i) If £{Rn) = i{Sn) for all n (where £{—) denotes the length as a A-module), 
then (p is an isomorphism. 

(ii) If tjj: S ^ R is a homomorphism, and the codifferential V'*: T^S ^ ^a-^ 
surjective, then (p is an isomorphism. 

(iii) // R and S are isomorphic, then ip is an isomorphism. 

Proof. The first assertion follows from the fact that £{Rn) = i{Sn) implies £{Kn) = 
(with the notation of the preceding proof), and consequently that each ipn'. Rn ^ 
Sn is an isomorphism. In conclusion p = l^m pn is an isomorphism as well. 

Por the second statement, if "0: 5* — )■ i? is a homomorphism with surjective 
codifferential : T)(S ^ ^a by the proof of the preceding Proposition we deduce 
that tpn- Sn ^ Rn is surjcctivc for every n, and this, together with the fact that 
ipn ■ Rn — ^ Sn is surjective as well, implies that l{Rn) = £{Sn), so we can apply the 
first part of the corollary. 
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This last argument clearly proves (iii) as well (because if -0 : S* — > i? is an isomor- 
phism, then in particular the codifFerential will be surjective), and this concludes 
the proof. □ 

Notice that it is not sufficient to have a surjective map T)^S — > T)(R to conclude 
that if above is an isomorphism, but we must have a homomorphism S ^ R with 
surjective codifferential. 

In particular the fact that (p* is an isomorphism does not imply that ip itself is. 

Power series rings. Now we turn to power series rings over A. For any n, the 
power series ring on n indeterminates R = A[[a;i, . . . , a;„]] is an object of (Compy^^). 
Since the ideal rriAi? C R coincides with the kernel of the natural homomorphism 
AJxi, . . . , a;„]] — fc[[xi, . . . , Xnfi (as one easily checks, using noetherianity of A), we 
get that R ~ k^xi, . . . , x„]]. In particular 

T)[R ~ mk[[xi,...,x„]]/mll[xi,...,x„]] 

is a /c- vector space of dimension n, with basis [a;i], . . . , [a;„]. 

The next Proposition shows that power series rings have properties similar to 
those of polynomial rings, with respect to complete algebras. 

Proposition B.4. Let R € (Comp^), and ai,...,a„ € xvir. Then there exists a 
unique homomorphism ip: A[[a;i, . . . ,a;„]] — ^ R such that ip{xi) = ai. 

Proof. By the properties of polynomial rings, for every k we have a unique homo- 
morphism 

(fik ■■ A[[xi, . . .,Xn]]k ^ A[xi, . . • ,2;«]/tTlA|^\,...,j;^^] > Rk 

sending [xi] into [oi]. By completeness we get a homomorphism 

ifi = ]^(pk- ^A[[xi, . . .,Xn]]k ^ A[[xi, . . . ,Xn]] — > l^m Rk ^ R 

such that 1^9(2;.;) = Qi. 

Moreover if -0 : AJxi, . . . , x„]] — >■ i? is a homomorphism with this property, then 
for every k the induced homomorphism 

ipk - A[a;i,...,a;„]/m^^^^^_^^ — > Rk 

sends [xi] into [a^], and so coincides with ipk above. This implies ijj = ^m ipk = 
^im^fc ~ (f and concludes the proof. □ 



The following is an immediate consequence of Proposition B.4 and part (ii) of 
Corollary [Rl 



Corollary B.5. Let R G (Comp^), and assume we have a homomorphism tp: R ^ 
A[[xi, . . . , Xn]] such that the codifferential ip^, : T)[R — > r^A[[a;i, . . . , a:„]] is an iso- 
morphism. Then ip is an isomorphism. 

Proof. Let us take elements oi, . . . ,a„ G mu such that (^*([ai]) = [xt], and such 



that [oi], . . . , [on] form a basis of T)(R. By Proposition B.4 we can find then a 
homomorphism ip: AJxi, . . . — ^ R such that tp{xi) — a^; its codifferential will 
then be surjective, and part (ii) of Corollary B.3 lets us conclude that p is an 
isomorphism. □ 

From this we get a description of noetherian complete local rings as quotients of 
power series rings. 
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Corollary B.6. Every R G (Comp^) is a quotient of the ring A[[xi, . . . , a;,,]] for 
some n. Moreover, the minimum such n is the dimension of the vertical cotangent 
space T)^R of R. 

Proof. Set n = dinifc T^i?, and consider elements ai,...,a„ S vhr such that 



[ai], . . . , [a„] is a basis of T^R. By Proposition B.4 we can define a homomor- 
phism ip: A[[xi, . . . ,Xn^ — > R such that ip{xi) = af, its codiffcrential will then be 
surjective, and by Proposition |B.2| ip will be surjective too. In other words, i? is a 
quotient of AJxi, . . . , a;„]]. 

On the other hand if ip: AJxi, . . . — > i? is surjective then the codifferential 
: T^A[[xi, . . . , Xr]\ T)(R is surjective too, and this implies that r > n. □ 

Finally we prove a criterion that characterizes power series rings as formally 
smooth algebras in (Compy^). 

Theorem B.7. Let R e (Comp^). Then R is a power series ring if and only if 
for every surjection A' ^ A in (ArtA) and every homomorphism R ^ A, we can 
find a lifting R ^ A' . 



Proof. If i? is a power series ring, then Proposition B.4 implies that we can lift 
homomorphisms along small extensions. 

Conversely, suppose that the lifting property holds, and take a homomorphism 
(p: AJxi, . . . , Xn]i — > R such that the codifferential ip^ : T^A[[xi, . . . , a;„]] 
an isomorphism (using the last corollary, for example). 

Now notice that the quotient map A[[a;i, . . . , x„]]i T)[A[[xi, . . . , a;„]] is a sur- 
jection in (ArtA), and then by hypothesis we can lift the homomorphism R — > 

TXR ^^^^ TXA[[xi, . . . , x„]] to R ^ A[[xi, . . . , x„]]i 



1' 



A[[xi,...,a;„]]i ^TXA^xi, . . . ,Xn'\\- 

Likewise, since the quotient map A[[a;i, . . . , Xn]\k . . . , a;„]]fe_i is a surjection 

in (ArtA), we can lift inductively the homomorphism R — >■ A[[a:i, . . . to a 

homomorphism R — >■ AJxi, . . . , a^nj^. 

Finally, taking the projective limit of the sequence of compatible homomorphisms 
above, we obtain a homomorphism ^j: R ^ AJxi, . . . ,a;„]] such that the codiffer- 
ential V'* : ^A^ ^ A[[a;i, . . . , x„]] is an isomorphism (the inverse of (yS*), and 



by Proposition B.5 this implies that tp is an isomorphism, so i? is a power series 



ring. □ 

Actually the criterion can be strengthened by replacing "surjection" ^' — > A by 
"small extension". To see this it suffices to factor a surjection as a composite of 
small extensions and lift the homomorphism successively, as usual. 

Continuous Kahler difTerentials. In this section we introduce a module of dif- 
ferentials for objects of (CompA) that is much more useful than the standard one. 

Let R be an object of (CompA). Then we have the usual module of Kahler 
differentials ilfl/A with the universal A-derivation d: i? — > fifl/A, which has the 
following universal property: if I? : i? — M is a A-derivation then there is a unique 
homomorphism of i?-modules / : r2fl/A ^ ^ such that D = f o d. 
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For some applications this module is too large: for example, one can show that 
^klx]]/k is not finitely generated over since the field of fractions k{{x)) of fc[[a;]] 

has infinite transcendence degree over fc, and 

^klx]]/k (^klix]] k{ix)) = ilki{x))/k 

is not finitely generated over fc((x)). 

Because of this we define another module of differentials that is better be- 
haved. We consider derivations D: R M where M is a module that is separated 
with respect to the triij-adic topology, that is, the intersection of the submodules 
{m^MjigN is the zero submodule. For example, by one of KruU's Theorems, finitely 
generated i?-modules are separated. 

We want then a finitely generated i?-module ^Ir/a with a derivation d: R ^ 
^H/A, such that for every derivation D: R ~^ M, where M is a separated i?-module, 
there exists a homomorphism /: ^r/a M such that D = f o d. 



Write i? as a quotient of a power series ring (Corollary B.6) 

R~A[[xi,...,xJ/I 

and suppose that / = (/i, . . . , /fc). We consider the free i?-module on n elements 
dxi, . . . , dxn, and its submodule J generated by the elements 



dxi 



dxi 



94 

dXn 



for 



, fc; we define then 

^R/A = {Rdxi ® • • • © Rdxn)/J 
^R/A given by 



Moreover we have a derivation d: R 



dm = 



dg_ 
dxi 



dxi 



dg_ 
dx„ 



dxji 



for [g] e R, which is easily seen to be well-defined. 



Proposition B.8. The R-module flu/ a o,nd the derivation d: R 
universal property above. 



^R/A have the 



M 



Proof. We sketch the idea of the proof, without going into details. Let D : R 
be a A-derivation of R into a separated i?-module M. 

We start by defining Rdxi ® • • • ® Rdxn — > M by saying that dxi goes to D{[xi]), 
and then extending by linearity. To see that this induces a homomorphism on 
the quotient i^A/Ai the key point is to see that the derivation D is completely 
determined by Z?([a;i]) for i — 1, . . . ,n. 

This is clearly true for D([p]) where p is a polynomial, by using the Leibnitz rule 
repeatedly. The fact that D is uniquely determined on power series follows from 
the fact that derivations are continuous with respect to the nxfl-adic topology, and 
from separateness of ill. □ 



The R-module ^r/a is called the module of continuous Kahler 



Definition B.9 

differentials of R, and d is the universal continuous derivation. 



The Proposition above implies in particular that changing the presentation of 
i? as a quotient of a power series ring we get isomorphic modules of continuous 
differentials. 
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Now suppose that i?, 5 e (Comp^), and that (p: R ^ is a surjection with 
kernel ICR. Because of the universal property of flu/A and the fact that the 
composite R — >■ S — >■ ^s/a is a A-derivation, we get a homomorphism of R- 
modulcs flR/A ^s/Ai which tensoring by S induces a homomorphism of S- 
modules /: flR/A <S)rS ^ ^s/A- 

Moreover the universal derivation d: R ^ ^r/a induces as usual a homomor- 
phism of ^-modules I/P — >■ ^Ir/a ^r S that we still denote by d. The following 
Proposition is proved in the same way as its analogue for the standard modules of 
differentials. 

Proposition B.IO. If (p: R ^ S is a surjection in (Comp^), then the sequence of 
S-modules 

J IP f^^^^ g _J_^ ^^^^ ^ 

is exact. 

The sequence above is called the conormal sequence associated with the homo- 
morphism If. 



Appendix C. Some other facts and constructions 

In this Appendix we gather some other miscellaneous standard results and con- 
structions that are used throughout this work. 

Fibered products of categories. Let J^, G, H be three categories, with two fimc- 
tors F: ^ H and G: Q ^ %. We want to define a "fibered product" category 
T X-u G with two functors ttj^: T X-^G ^ ^ and ng : x-^ G ^ G, such that the 
composites F on^r and G o ng are isomorphic as functors T x-^G ^ and such 
that for any other category C with two functors ipjr : C ^ T and ^pg-.C^G and a 
fixed isomorphism of functors F o ipj: ~ G o i^g there exists a dotted functor as in 
the diagram below 




G 

such that TTjroip = ipj7 and irgoij; = (pg (which are actual equalities, and not merely 

isomorphisms of functors). 

We define such a category T x-^G as follows: 

Objects: are triplets {X, Y, f) where X G J", F e and / : F{X) G{X) is 
an isomorphism in the category %. 
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Arrows: from {X,Y,f) to {Z,W,g) are pairs {h,k) of arrows /i: X — )■ Z of 
T and k: Y ^ W of Q, such that the diagram 

F{X) F{Z) 

f 9 

is commutative. 

Composition of arrows is defined in the obvious way, as well as the two functors 
TTjTjTTg; for example tt^: F x-^Q T sends an object (X, F, /) into X & F, and 
an arrow {h, k) to h. 

Moreover notice; that the composites F o ttjt and G o ttq arc clearly isomorphic: 
starting from {X,Y,f) e T Xn Q we have {F o Trj.){X,Y,f) = F{X) and (G o 
TTg){X,Y,f) = G{Y), so /: F{X) G{Y) gives the desired isomorphism. The 
compatibility property on arrows ensures that these isomorphisms altogether give 
a natural transformation. 

Proposition C.l. The category T x-^Q with the functors tt^, irg has the property 
stated above. 

Proof. Suppose we have a category C with two functors ipj^ : C — >■ J" and ipg : C ^ Q , 
and a fixed isomorphism of functors a: F o ipjr ~ G o ipg. We define a functor 
^■.C^Fx^g as follows: if X eC, we set ^j{X) = {ipjr{X),ipg{X),a{X)), and 
an arrow f : X Y of C goes to the arrow i<fj^{f),'Pg{f )) of F Q. 

It is immediate to check that V is well-defined, and that tt^ o ^ = ipj: and 

TTg Otp = tpg. □ 

Definition C.2. The category T x-nQ is called the fibered product of T and Q 

over %. 

Remark C.3. The property that we used as starting point to define the fibered 
product looks much like a universal property (which should define it up to equiva- 
lence), apart from the fact that there is no uniqueness required on the functor ij). 
On the other hand we defined the fibered product explicitly, and we will not need 
this "uniqueness" part. 

Nevertheless, wc remark that it is possible to give a universal property that 
identifies the fibered product up to equivalence, but the natural setting in which 
this property is stated is that of 2-categories. 

The local flatness criterion. The following Theorem gives an important flatness 
criterion. 

Theorem C.4 (Local flatness criterion). Let A be a ring, I C A a proper ideal, 
and M an A-module. If either 

(i) / is nilpotent, or 

(ii) A is a noetherian local ring and M is a finitely generated B -module, where B 
is a noetherian local ring with a local homomorphism ip: A^ B and the two 
structures of module on M are compatible with ip 

then the following conditions are equivalent: 
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• M is a fiat A-module. 

• M/IM is flat over A/I and Torf (M, A/I) = 0. 

• M/I'^M is flat over A/T^ for every n>l. 

See |Mat86l § 22] for this. 

A base change result. Let X be a scheme over a noetherian ring A, and £ he a 
coherent sheaf on X. We want to understand the relation between the A-modules 
H*(X, M (E)A £) and M ®^ W{X,£) (this is a particular case of the "base change 
problem" ) . 

There is a natural homomorphism 

(fill : M (S)A (X, £) — ^ ff (X, M (g)A £) 

that is defined as follows. An element m G M corresponds to a homomorphism 
of A-modules m: A ^ M, defined by a i— >■ a • m. We can consider then the 
homomorphism to id : £" ~ A 0^ £ ^ M £, which induces a homomorphism 
in cohomology (to id)* : W{X, £) W{X, M (g)A £)■ 

We define then a function F: M x W{X,£) ^ W{X,M <g)A £) by F{m,a) = 
(to (g) id)* (a); this function is A-bilinear in both variables, and so it induces a 
homomorphism of A-modules (p^j^: M ®a H*(A, £) H*(A, M®a£)- 

We have the following classical result. 

Theorem C.5. Let X he a proper scheme over A, £ a coherent sheaf on X, 
flat over A, and assume that for every closed point p € Spec A and a fixed i the 
homomorphism 

^lip) ■■ Hp) ®a (A, £) (A, k{p) ®A £) 

is surjective. Then for every A-module M the homomorphism ip\j is an isomor- 
phism. 

Definition C.6. // the conclusion of this theorem holds for a coherent sheaf £ 
and a natural number i, we say that the cohomology group H*(A, £) satisfies base 
change. 

For a discussion of base change and the theorem above, see for example Sections 
7.7 and 7.8 of [GroMj, or |Har771 III, 12]. 

The following theorem tells us that sheaves of differentials satisfy base change in 
a particular case (see pDclGB, Theorem 5.5 (i)]). 

Theorem C.7 (Deligne). Let X be a proper and smooth scheme over a noetherian 
Q-algebra A, and consider the coherent sheaf of Kdhler differentials VLx/A; o.f^d its 
exterior powers i^^/^ = t\^x/A- Then all the cohomology groups H*(A, fi^y^) 
satisfy base change. 

Appendix D. The Rim-Schlessinger condition for flat modules and 

algebras 



In this Appendix we prove Proposition 2.35 For any ring A we denote by Mod*^ A 



the category of fiat A-modules. Given a ring homomorphism A B, we have a 
functor Mod^ A Mod** B obtained by tensoring with B over A. Suppose that we 
have a diagram 

A' ^a/^ A" 
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of ring homomorphisms, such that p" : A" — > A is surjective with nilpotent ker- 
nel; we denote this diagram by A,. Let B be the fibered product A' A". 
An object of the fibered product Mod"^' Xuad'^A Mod'' A" consists of a triplet 
(M',M",aM), where M' and M" are flat modules over A' and A" respectively, 
and aM is an isomorphism of A-modules aM ■ M' (E)a' A ~ M" (E)a" A. An arrow 
{M{,M[',aMi) (^2>-^2 jQ^Ma) is a pair (/',/") of homomorphisms f:M[ 
MI2 and /": M'{ M2 that compatible with the a's, in the obvious sense. We 
denote the category Mod^ A' x^^^n j^Mod^ A" by Mod*' A,; its objets will be called 
flat A,-modules. 

The natural functor $ : Mod** B Mod** A, sends a flat B-module N into the 

triplet ®B A, =^ (A^ A' , A {g)^ A" , ajv), where ajv is the isomorphism (A^ <S)b 
A') (E)A' A ~ (N (E)B A") (E)A" A obtained by composing the canonical isomorphisms 
{N (g)i3 A') (»A' A~ N (S)B A and TV ^ ~ (A (g)B A') 0^' A. 

One can also consider the category Alg** A of flat ^-algebras, define the cate- 
gory Alg'' At as the fibered product Alg*' A' x ^igfi a Alg*' A" , and define a functor 
$ : Alg^ B — > Alg^ j4, in a completely similar fashion. 

Proposition D.l. The functors Mod^ B -J> Mod" A, and A\g^ B -J> Alg" A, are 
equivalences of categories. 

Proof. Let us construct a quasi-inverse 'J': Mod"^, Mod**B. Given a flat 
^•-module M = {M' , M" ,aM), we define as the kernel of the surjective 

homomorphism 6m-M'x M" -j> M" (g)A" A defined by (m', m") H> aM{ni' (8) 1) - 
m" 1. The product M' x M" is an A' x A"-module, and *M is a sub-B-module. 
This defines a functor from Mod'' A, to the category of i3-modules. 
Notice that by tensoring the exact sequence of B-modules 

^ B ^ A' X A" A ^ 

with a flat B-module N we get an exact sequence 

^ N > {N Os A') X {N Os A") > N i»b A > , 

which yields a functorial isomorphism ~ A^ of S-modules. 

So we have left to show two things: 

(a) is always flat, and 

(b) for all M in Mod'^A' x^od"^ Mod''j4", there is a functorial isomorphism 

~ M. 

So, let M = {M',M",aM) be a flat ^.-module. The inclusion *M C M' x 
M" induces 5- linear maps ^'M — > M' and \1/M — >■ M", which in turn induce 
homomorphisms v'm ^ (83 ^' ^ and t^Xf ^ 'Sib A" M". We will 
show that vl/M is a flat B-module, and that and (^"^ are isomorphisms. The 
functorial isomorphism ^^fM ~ M is ('Pm''^m)- (Notice that and <p'j(^ are 
isomorphism when M is of the form ^N, as was shown above). 

Choose a free B-module Fq with a surjective homomorphism of A'-modules 
f : Fq Sb A' M' . The induced homomorphism of A-modules 

a o (/ (g) id^) : Fo(Sb A — s> M" (g)^" A 

lifts to a homomorphism of A" modules /": ®b ^" — ^ -^"j which is still sur- 
jective, because the kernel of A" Ais nilpotent. Then {f',f") gives a surjective 
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homoniorphism F ^ M in Mod** A, . Denote by K' and K" the kernels of 

/' and /" respectively. Because of the flatness of M' and Af ", the two sequences 



K' (^A' A■ 



■F'(^A' A- 



M' ®A' A ■ 



and 







■K"(g)A" A 



■F"(E)A"A- 



M' ®A" A 



•0 



are exact; hence the isomorphism ap'- F' ®a' A ~ F" ®a" A restricts to an isomor- 
phism ax ■ K'<SiA'A ~ K"<g)A"A. This defines a flat A.-module K {K' , K" , ax). 
We have a commutative diagram 











K' X K" 







K"®A" A- 



^F 



■ F' X F" 



F" (g)A" A 



■ M' X Af" 



M" (i)A" A 







with exact rows, whose middle and right hand columns are exact. This implies that 
the left hand column is also exact. Tensoring this with A' we get a commutative 
diagram 



A' 



A' 



^Af ( 



A' 











Y 

K' — 



F' 



M' 







with exact rows. Since ifp is easily seen to be an isomorphism, we see that 
is also surjective. But here Ai^ is a arbitrary flat A.-module, so (p'j^ must also 
be surjective; and by diagram chasing we get that tp'j^^ is an isomorphism. The 
argument for (p'^j is completely analogous. 

Then (p'j^ is also an isomorphism; hence the sequence 







A' 



A' 



A' 



-^0 



is exact. Since Fq = ^I'F is free, this means that Torj^ (5' A/, A') = 0. The projection 
_B ^ A' is surjective with nilpotent kernel, since it is obtained by base change from 
p" : A" — A; hence by the local criterion of flatness (Theorem C.4) we have that 



^fA/ is flat over B, and this completes the proof for the categories of flat modules. 

For the case of flat algebras, it is sufficient to notice that for any A, algebra Af, 
the module 5* A/ has a natural algebra structure, and that the natural isomorphisms 
~ id and 'I'^ ~ id defined above preserve the algebra structures. □ 
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Proof of Proposition \2. 35[ The fact that the restriction of the functor 

$: Vef{A') Xpe/(A) T^ef{A") ^ Vef{A' Xa A") 

to affine schemes is an equivalence foUows immediately from Proposition [D]T] 
Let us extend the definition of the quasi-inverse 

Vef{A') Xpe/(A) 2?e/(A") ^ Vef{A' Xa A") 

of $ that we described above to non-necessarily affine schemes. Take an object 

{X',X",9) e Vef{A') Xj^.f^A) -DefiA") 

that is, a pair of flat schemes X' — > Spec A' and X" — >■ Spec A" with an isomorphism 
9: X"|spccA — ^'IspecA of the puUbacks to A. We can see this object as the 
following diagram 

X' X" 



X = X'\ 



Spec A 



A" 



A- 



where the morphisni X'jspccA X" is the composite of the inverse of and of the 
closed immersion X"\spccA — >■ X" . 

We consider then the sheaf of ^' x ^ A"-algebras Ox' x Ox ^x" on the topological 
space X. The locally ringed space X ~ {X, Ox' 'XOx Cx") is a scheme by the affine 
case, and moreover it is flat over A' Xa A", since flatness is a local property. We 
set ^iX',X",e) = X. 

By the universal property of flbered products one can easily see that an arrow 
{X' , X" , 9) (¥' , Y" , v) gives a morphism X , and routine verifications show 
that $ and arc quasi-inverse to each other. □ 
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